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ABBREVIATIONS 

I = straight line ; / = divided by. 

-L = perpendicular, is perpendicular to, orthogonal, is ortho- 
gonal to ; ±ly = perpendicularly. 

II = parallel, is parallel to ; 11™ = parallelogram. 

O = circle ; O' = circular ; O of s. = circle of similitude, 
c. of g. = centre of gravity ; c. of i. rotation = centre of 

instantaneous rotation ; c. of m. = centre of mass ; 

c. of s. = centre of similitude ; const. = constant, 
h. c. = homothetic centre ; h. r. = homothetic ratio ; h^^ = 

harmonic ; h}y = harmonically, 
inf* = intersection. 

max. = maximum ; min. = minimum. 
N.P.C. = nine-point circle, 
o. c. = orthocentre. 
pt. = point ; proj" = projection, 
quad. = a figure with four sides and four angles, 
r. a. = radical axis ; r. c. = radical centre, 
ult^y = ultimately, 
vol. = volume, 
w. r. to = with respect to. 



KEY TO SEQUEL 

CHAPTER I 

Page 2. Ex. Let the 1 bisector meet ABa,t L and CB at 
M ; then B^ D are the reflexions of JL, C in LM. Hence 
LACB = BBC = im'-ABB by ||«. 

Page 3. Ex. Since AQ = ^APy the locus of Q is homo- 
thetic to I, the locus of P ; i.e. is a I, || to 2 and half-way 
between A and I. 

Page 5. Ex. 1. Let OB cut AB at P^. Then since PB || 
0^, the A» O^P^, P5P*' are similar, .-. ^P'^ : JBP^ :: 0^ : P5 
tiAPiBP by hyp. Hence P* coincides with P'; i.e. 
0, P, P' are collinear. Also OP": OP: lAP'iAB, a const, 
ratio. Hence P and P' describe homothetic and, therefore, 
similar curves. 

Ex. 2. Let Off and PP" meet at S. Then O'S: OS 
: : O'P" lOP^hy say, *•. (/S « ft. 08. Hence Sis a fixed pt. 
Also SFiSPiiffP'iOP = ft. Hence SP"^ k.SP. 

Page 6. Ex. Let P^ be the reflexion of P in OA and P^ of 
P' in OJB. Then ZP04 = P'O^, P^05 = P'OB, .-. POP' 
+ P'OP^ =2il OP' + 2P'0JB = 2. 90° =180°. Also PO^OP 
= OP". Hence P, 0, P" are collinear and PO ^ OB', 

Page 8. Ex. We shall first prove that the A^ BCO and 
OAP are similar. Now BG:OA::P'G:BG::AB:AP (from 
similar Ab P'OJB, BAP)::0G:AP, .-. BG:OG::OA:AR 
Also the /:« P'CO, 04P are equal ; for P'CO == P'GB + BGO 
= J54P+ 04 J5 = OAP. Hence the A" BCO, OAP are 
similar, .'. OB :OP::OG:APy a const, ratio. Hence 
OB=k.OP. Again ZPOP' is const.; for POB^AOG 
-BOG-AOP^^AOG-BOG-GBO (for the similar Ab 
BGO, OAP give Z OP'O = ^OP) = J5CX - BGX (producing 
00 to X) = JBCP'. Hence, since OB -=h.OP and ZPOP' is 
const., P and P' describe similar curves. 

Page 12. Ex. 1. In the figure on p. 10, let ABG, A'BC 
be two such A^, X, F, Z being the given pts. and OJ., OB the 
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given 1 8. Then since AA^, BJff, CC concur, the locus of (? 
(taking ABC as fixed) is the fixed | OG. 

Ex. 2. Since ABC, A'B'C are in perspective, AA\ BB', 
CCy concur. Hence ABC, A'B'C are copolar and .•. coaxal. 
Hence (BC ; BfC), (CA ; CA% {AB ; A'B") are coUinear. 

Ex. 3. Sinee AB, A'B', A'BT concur, AA'A" and 
BB'B^ are copolar and .-. coaxal; .-. (AA' ^BB'), {A'A'' ; 
B'B"), {A" A ; BfB) are collinear, i. e. the centres of per- 
spective are collinear. 

Ex. 4. Consider the A" whose sides are AB, A'V^ A''Bf 
and BCy B'C, BTCT. Corresponding sides meet at B, V, Bf 
which are collinear. Hence the A" are coaxal and . '. copolar. 
Hence the | ■ joming {AB ; A'B') to {BG ; VC\ {A'B" ; A'^B'') 
to (^C-^CT), {A^'B'iAB) to (BTCr^BC) concur; i.e. 
the axes of perspective concur. 

CHAPTER II 

Page 14. Ex. 1. The A« OA'B, OA'C are congruent, 
..IBOL^COL, .\ IBAL^CAL. Again ZX^ilf = 90°; 
.'. AM is the external bisector of BAG since AL is the 
internal bisector. 

Ex. 2. The A^ BA^L, CA'L are congruent, .\ BL^ GL. 
Also LBBL = QCL (since BACL is cyclic) and LBBL 
= GQL (=90°). Hence the A« LBP, LGQ are congruent. 

Now ilP+ PB = AB. Again AP-PB =^ AQ-GQ (from 
the congruent As APLy AQL) ^ AG. Hence AP = i(^JB 
^AC) and PB = i(^5-^C). 

Ex. 3. We have a = 2 22 sin J. = 2RQmA^ » a^ since 
A ^ A' ; BO b = h% c = c\ 

Ex. 4. For brevity take six vertices Ai^A^, A^jA^, A^y A^^. 
Let P be the point. Let PAi == aj,... and let the -L» from 
Pon ^i^2» -^2-^3? ••• ^ l^i> i'2> •••• Then, since be = 2pB 
in any A, we have 

2Bpi = aittg^ 222i)j = »2«3 
222 jpg =0304, 222^)4 = a^a^ 
2Bp^ = agOg, 2Bpe = agai. 



Chapter II 7 

.'. P1P3P6 "= P2PAP6' 

The same proof holds if we take any even number of 
sides. 

Ex. 6. For brevity take three vertices Ai^ A^^ A^. First 
take ilg, -4-4, Aq near to Ai, A^, A^ on the O. Then, as 
above, PiP^p^ == PiPiPe* ^^^ make A2, A^, Aq coincide 
with Ai, Aq, Aq. Then Pi, the J. on AiAzt becomes the 
J- on the tangent at Ai; sop^, p^. A similar proof holds 
for any number of vertices. 

Page 17. § 4. Ex. (i) ^'Xi = A'B-BX^ = ic-(5-c) 
=^A'C-GX^A'X. 

(ii) XX2 = BX.^-BX = 5-(s-6) = h. 

Page 17. § 5. Ex. 1. From any pt. A on the first O, c, 
draw the tangents to the second O, i, cutting c at i? and C. 
Let I', / be the incentre and inradius of ABC. Then I, V 
lie on the internal bisector of A, Let AI cut c at L. Now 
m-OP --AI.il (as in the text) = 2Br (by hyp.); also 
Ar . rL = 222/ (as in the text). Hence IX : I'i = r | ^7 
: / I A! = 1 (by similar A* got by dropping ±" from /, /' on 
AC). Hence I and T coincide. Hence i is the incircle of 
ABC ; for it has I as centre and touches AB. 

Ex. 2. Let the O with centre L and radius LB or XJcut 
7X again at I'. Then 152' = 90^ But IBIi = 90°. .. V 
and Ii coincide, .*. LB = LI^. 

Again 0Ji2 - 222 = j^x . Zj^ (as in the text) = LB . I^A. 
Also 2Br^^ LM.IiZi. Hence we have to prove that 
LB.I^A ^LM.I^Z^, or LB. LMi.I^Z^.I^Ai.IZ.AL 
Now see the text. 

Ex. 3. The square of the tangent ^ I^L .I^A — 2Br^ by 
the above. 

Ex. 4. If JB = 2r, B^ = 2Br, .'. OP = 0. Hence and 
I coincide, at 8, say. Then, since lY = IZ, SY — SZ ; 
and AS ^ AS and Y^ Z = 90^ Hence AY = AZ. But 
since ShOyAY=^AG and ^Z = ^AB. Hence .4C = AB; 
so 4J5 = J5G 
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Ex. 5. Since Z.AiB given, the locus of the pt. ^ is a O 
on BC containing the angle A. Now L is known, being 
the bisector of the minor arc of BC* But LI = LIi «= LB 
is known. Hence the locus of I and Ii is the same circle. 

Page 19. Ex. 1. AG =^^AA'^ fJB^ (by hyp.) = BG, 
,'. /LABG = BAG. Again BA, AA' ^ AB, BB\ and 
IBAA' = ABB', .-. BA' = AB", .'. BG « AC. 

Ex. 2. A' is given and A moves on the fixed line BA ; 
also A'G « ^ A^A. Hence the locus of G is homothetic to 
the locus of A and is .*. a |, || to AB. 

Ex. 3. PC, C'B = A'C, OA and ZPC-B - A'CA. .-. 
P^ - ^^'. Again PCT = (T^' = B:C\ hence PC' = and 
\BrC. .'.PB'^CC. AndBB'^BB'. 

Hence ^4' + CC ^PB + PB'> BB\ 

Ex. 4. GP = ^G^ (by hyp.) = %AA'\ so (?(7 = f CC. 
Again^6?:ffP::4^:^C, .'. PC||ff^. HencePC:©^' 
::^Cf:^^»=2, .-. PC^2GB' = ^BB\ Hence ffP:PC 

To construct the A, given the lengths x, y, z of the 
medians, construct the A GCP with sides GP, PC, CG equal 
to fa;, fy, %z. Bisect GP at ^'; produce CM' to B, so 
that A'B = 04'. Produce Pff to 4 so that GA « Pff. 
Then ABC has the given medians. For A' bisects BC\ 
hence A A' is a median. Also A A' = f ffP « a;. Again 
AG = GP ^2GA\ Hence G is the centroid. Hence 
CC ^^CG^ e. Also BG = CP (by the congruent A» 54'ff , 
OA'P\ VienceBB'^iBG = iCP^y. 

Page aO. Ex. Since BA'=A'C, ABA' A - A CA'A, and 
A54'P= AC4'P, .-. A^jBP- AilCP. 

.-. ^AB.BP^ABP'-iAC.CPainACR 

.-. AB.BP^AC.CP, since 4CP = 180^ - il-BP. 

Page 21. Ex. 1. Now IBHC = FEE = 180*'- -4 (since 
AFHE is cyclic). Hence the locus of jS* is a O. 

Ex. 2. Let and H coincide at S, Let AS cut ^(7 at D. 
Then since 8 is H, AD JL BC Again, since S ia and 
8D 1 BC, .\ D bisects 50. Hence BD, D4 = CD, D4 
and D=' D, .-. 4JB = AC; so 50= 54. 
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Ex. 3. Let I and H coincide at S. Let AS cut BG at D. 
Then since 8v&H,ADL BG. Again, since S is 7, Z JB^D 
= CAD. Hence Z* 5^2), ^DP = GAD, ADG and -42) 
= AD, .\ AB = ilC; so BG = 54. 

Ex. 4. We have A = ^AD,BG = ^BE. GA, .-. -42). BG 
= J5^. 04, .-. AD:1/BG::BE: 1/GA :: CJP: 1/4 JB similarly. 

Page 22. § 10. Ex. 1. Since BG, GA, AB bisect the Zb 
P, Q, E of the triangle PQi2 externally, 4, 5, (7 are the 
excentres of PQE. Hence 4P bisects LRPQ internally. 
.-. 4P-L -BC; hence 4P is an altitude of ABG\ so BQ, GE. 

Ex. 2. Since 4ED5 is cyclic, IGED = ABG; and C= C. 
Hence DEG and ABG are similar ; i. e. ABG is similar to 
GDE, and so to AEF and 5JPD. 

Ex. 3. Z540 = 90°-40(7' = 90°-CandZC4£r=90° 
-C, .-. IBAO--CAH. But Z547=C4I, .-. Z04I 
= ^47. 

Ex. 4. Let 40 cut E[F at P. Then Z,APF=^PAE 
+ FEA = 90°-5 + JB = 90°. 

Page 22. § 11. Ex. By the text, the O 540reflects into 
the O BHG in the | BG; hence reflects into Oi. Hence 
0, 4', Oi are collinear and OOi = 2 . 04' ; so for O2, O3. 
Hence O1O2O3 is homothetic to A'VC about 0. Hence 
O2O3 II BfG' II 50. Hence OOi 1 BG and .'. 1 O2O3 ; so OO2 
I030iand003l0i02. 

Page 23. Ex. L AR^^BG^^-^A' O'^-viA'B^ 

= ^OB^^iE\ 

Ex. 2. AB 1 Ojff and DH', .\ GH \\ DH\ Also 200' 
= Ojff and DH', .'. OH ^ DH\ .-. CD = and || HH\ 

Page 24. Ex. L The N.P.G. of AHB passes through X, 
Y, G' and is .-. the N.P.C. of 4PC; so for BHG, GHA. 

Ex. 2. Since 7^4 i. 7273 and so on, 7 is the orthocentre 
of 7i7273. Hence the O ABG is the N.P.C. of 7i7273, and 
hence bisects 7273 and 77^. 

Ex. 8. The locus of 4 is a O ; hence E is given. Again 
4'iV" — ^22 and 4' is given ; hence the locus of JVis a O. 

Ex. 4. Let 44', B'G' meet at S. Then since AB'A'Cf 
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is a \!^, S bisects AA^ and BV\ Hence the reflexion in S 
of AB'G' is A'G'B\ Hence the N.P.C.« (which pass 
through S) are reflexions in 8 and therefore touch. 

Ex. 6. We know that HG^2aO and HN ^ NO. 
Hence if 0-ff = 6 on some scale, OG ^2, GN= 1, NH=S. 

Page 25. Ex. 1. Produce PL to L" so that PL"" = PL' ; 
and so for Jf, N. Now, since Z.LPL' = MPM' = NPIT, 
PL':PL='PM':PM-^Pir:PN==k,ssi,Y. .\ PL" -= PL' 
^h.PL] BoPM" ^k.PM,P]r--h.PN. KenceL^M^lT 
lie on a |, || LMN. Again IL'PL" = L'PL = ilTPilf 
= jTPJir == JVPiT similarly; and PL'^PL% PM'^PM', 
PUT « PJr. Hence X'Jtf 'JT is X^iT JT turned through 
the Zi'^Pi'. 

Ex.2. LNLC^^(f-PLN-=^(f-PBA (since PBLN 
is cycKc). Hence Lpq = JVXC- JNTi'C = (90° - PJB4) - (90° 
- QBA) = Q5^ -PJB^ = QBP. 

Ex. 3. Pi2 li) and C^ 1 3. But Zjjg « PAQ (by Ex. 2) 
= 90° .-. ZPBQ- 90°. 

Ex. 4. Let PH meet iJ^ at Q. We know that the 
reflexion c' in BG of the O ABG is the O SBC. Let P' be 
the reflexion of P; then Pi = LP'. Hence PQ = QS if 
Qi II HP', i.e. if IPLQ^PP'H. But IPLQ^PLN 
= PjBJV^ = PJ5^ = P'^^' (by reflexion) - P'HA' = fflP^P 
since PP' || AA'. 

Or thus, Draw a parabola with P as focus to touch BG, 
GA. Then since PL 1 5C and PM ± C^, iJlf is the 
tangent at the vertex; hence AB also touches since AB 
J. PN. Also we know that the orthocentre of a A circum- 
sciibed to a parabola lies on the directrix ; which is twice as 
far from P as LN. Hence Pff = 2 . PQ. 

Ex. 6. Z AEP = ABP = NLP. 

Ex. 6. Let the 0» A J^^, 2)GE cut again at P. Draw the 
±« PL, PM, PN, PQ on BG, GA, AB, EF. Then N, M, Q 
are collinear by O AFE and itf, ft X by O BGE. Hence 
^, Jf, Q, L are collinear. 

Or, Draw a parabola to touch the four |8. Then the feet 
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of the Jj from the focus on the tangents lie on the tangent 
at the vertex. 

Ex. 7. Construct P as in Ex. 6. Then since Ny M, L 
are coUinear, the O ABC passes through P; and so the 
O BDF. 

Or, Draw a parabola to touch the four ||^ Then the O^ 
pass through the focus. 

Ex. 8. Drop the 1« OX, OY, OZ to DA, DB, DC. Then 
XY, YZ, ZX are the pedal 1* c, a, & of ADB, BCD, ACD 
w. r. to 0. But 0, X, Y, Z are concyclic since Z =« F =» Z 
= 90° Hence the projections (T, A', B" oi on XY, YZ, 
ZX are coUinear. So A^, B^, Df are collinear ; hence A', B^, 
(/, 2/ are collinear. 

Page 27. Ex. 1. Since PFiPDmPE.PF and I.DPF 
= 180° --D-BJP (since DPJra is cyclic) « lS(f - EAF ^ FPE 
(since EPFA is cyclic), the A» PFD and PEF are similar, 
.-. LPAF^PEFr^DFP^DBP. Hence the O APB 
touches BC at B ; and so AC at A. Hence the locus of P is 
the O touching CA, CB at A, B, 

Ex. 2. We want to prove that PL:PM: : PE : PK Now 
IPLM^PCM (since PXCJlf is aycMa) -:> PAN ^ PRN 
(since PJViil? is cyclic). So Z PJfL = PJVK. Hence the A» 
PXJf, PiJJV are similar. Hence PL:PM::PR: PN. 

Ex. 3. We are given PL : PM\ :PB : PN. Also IMPL 
= 180° - MCL = 180° - NAB = ITPE. Hence the A^ JIfPX 
and JffPi^ are similar. Hence I PCB ^ PML '^ PNB 
= PjiJB. Hence P lies on the O ABC\ which is .'. its 
locus. 

End of Chapter II 

Bx.1. (i)GB + OC>BC .'. %y-¥%e>a .-. 2y + 2z>^a. 

(ii) ^JB' + 5'-4'>^-4' .-. ^& + ^c>a; .-. 6 + c>2a?. 

(iii) 2^+2^>3a, 2^+2a?>36, 2aj + 2y>3c .-.(adding) 
4(a? + y + ;e?)>3(a + 6 + c). Also b + c>2x, c + a>2y, a + 6 
>2;8r .*. 2(a + 6 + c)>2(a? + y + jer) .-. (x + y + is):{a + h-^c) 
>|and <1. 
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Ex. 2, We have AA\ A'C ^ AA', A'B and AOAB 
.-. jLAA'OAA'B or GAV>GA'B. But 0A\ AV-- GA\ 
A'B .'. GG>GB .-. fjBr>fy .•• y<e. 

Ex. 3. Let BC be given. Then, since A «= ^^2). £C7, 
the length of AD is given. Hence the locus of J. is a || to 
BG. Also A'Q ^ ^ A' A. Hence the locus of & is a || to the 
locus of J., Le. a |, || to BG. 

Ex. 4. Since AY bisects LBAG, Y bisects the arc BG. 
Also YT is a diameter since AXL AX'. Hence TY 1 J?(7, 
i.e. to X'X. Also ZF 1 X'F. Hence Y is the ortho- 
centre. 

Ex. 5. We know that OOi = 2 . OA' and OO2 = 2 . OB^, 
.'. O1O2 = 2 . ^'5' = ^J5 ; so O2O3 = -BC and O3O1 = C^. 

Ex. e. In the A GOA', we know C4' = ^a and GO =^ R 
= a I 2 sin -4. Hence OA' is known. Hence AH = 2 . OA' 
is known. Hence the locus of H is a O. 

Ex. 7. The pedal x of G w. r. to ABP passes through 
a fixed pt, viz. the projection of G ori AB ; so the pedal y of 
2) passes through a fixed pt. on AB. Also x, y meet at 
an Z equal to DAG. Hence the locus of Q is a O. 

Ex. 8. We know that the four O^ meet again at the 
second int^. of the ©• ABF and BGE. Let the O BGE 
cut EF again at K. Then Z DAB = -BCJ5J = BKF. Hence 
the O ABF passes through K. Hence the four O^ meet 
at K. 

Ex. 9. AD . AH = AB . AF (since HDBFis cyclic) 
= J.-E . AG (since fliWJ^ is cyclic). 
.-. 2(AD.AH + BE.BH+GF.GH) 

='AB.AF+AE.AG+BG.BD + BF.BA 
+ GA . GE+ GD . GB. (Similarly) 
= AB{AF+FB) + BG{BD + DG) + GA(GE+EA) 
= AB^ + BG^ + GA^ 

Ex. 10. See fig. on p. 18. Since LI = LB = LG, we see 
that L is the centre 0^ of the O BIG. Hence Oil is AI ; 
and AI 1 0.^0^ because AI is a common chord of the other 
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0». Hence Oil 1 O^O^; so Og/ 1 O3O1. Hence I is the 
orthocentre of OjOg^s* 

Ex. 11. E and ^lie on the O on BC as diameter. Hence 
the ± bisector of EF passes through ^^ which is the centre 
of the O. 

Ex. 12. See the fig. on p. 18. Let A^I cut AD at M. 
Then AM:AI::LA':LI::LA':LB::IZiAI; for Z. LB A' 
= LAC = LAB. Hence AM ^ IZ = r. 

Ex. 13. Oi 1 BG at -4'. Hence OL and J?Jlf cut at an 
angle 90° - CBJlf = 90° - (MM = B'OA = ^. 

Ex. 14. LI = iJ?. Hence we want to prove that 
LB^^LB.LA or LB :LB::LA:LB. Now Zi^i^ 
= Z-4C = LAB and Z-Bil^ = J.iJ?. Hence the A^ i^i? 
and LAB are similar. Hence Z^ : LB : : Z^ : LB, 

Ex. 16. See the fig. on p. 18. We want to prove that 
AIiAB :: ACiAI^. Now IIAB = CAIi. Also Z^IJ5 
=:180°«i^-4-B=90° + 4(7; and Z^aJi=Jari + 204-90° 
+ 4a Hence lAIB^ACIi. Hence the A^^ZB and 
J. CJi are similar, .*. AIiAB 11 ACiAI^. 

Ex. 16. Given any three, the fourth is the orthocentre of 
the three. Also given J, Ji, Jg, J3, //i cuts I^I^ at J.; 
and so on. 

Ex.17. 50'C«2(180°-J?PC) 

= 360°-2(P4J5 + PJ?4+P4(7+Pai) 
= 360°-24-2.90° = 180°- 24 
= 180° -BOG 
Hence 0, 0', B, are concyclic. 

Ex. 18. Let FE meet BO at P. Then Z ^PO = 0- AEF 
^C'-B. Y^(m lA'ED^EDC-EA'C^^A'-EA'C^C-B 
if JS4'0=4 + B-0=180°-2C. But lEAV^-EFD 
(since4',2>,J^,JPlieontheN.P.C.)«90°-J5;^4 + 90°-2>F5 
-180°-2G Hence ZJFPO^^'JSD. Alao Z.A'FD=^A'ED 
from the N.P.C. 

Ex. 19. Draw the l^ AL, AM on DC, DB and the l^ 
BXy BY on CD, CA. Let iJf, ZF cut at P. Then 
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L MFY - MLX + YXL = DAM^ CBY (by cycUc quads.) 
= 90° - ADB + 90° - BGA = 180° - 2 ^2>5 - 180° -^0-B. 
Hence one of the angles between the )» » J.0£. 

Ex. 20. In Ex. 5 of p. 26, AB is given and .*. R Thus 
the ± from B on BC cuts the O ^J9C7 again at P. 

Ex. 21. We know that p passes through P'. We want to 
prove that p ± AQ. Let LN cut AQatB. Then Z i?J.^ 
= 180°- J5^Q = 180°-P4C = PBC = PJVB (since PNLB 
is cycUc) = dO^'-BNA, .-. Z.ABN= 90°. 

Ex. 22. By Ex. 6 of p. 26, the A* have the same pedal | 
w. r. to P. Hence (see the solution of Ex. 4 of p. 26) 
the pts. ft, ft, ft, ft in which this | meets PJTj, PJTg, P^s, 
FH^ are collinear. But Hi, H^, H^, H^ are such that 
PHi ^2.PQu PJ?2 = S.PQa, MTg = 2.Pe3, PH,^2.PQ,. 
Hence ZTj, ZTg, H^, -H4 are collinear. 

Or^Au^: — The orthocentres lie on the directrix of the 
parabola which touches the four line& 

Ex. 28. By Ex. 2 of p. 26, Z.pq ^ PBQ, Lqr ^ qPB, 
Lrp^ BQP. Hence if P^Q[B! is the A formed by j>, g, r, we 
have P'^P or 180°-P, ^ = « or 180°-ft B! ^ B ox 
180°- JB. But P+ (? + JB = 180° Hence, since P' + ^ + 2^ 
= 180°, we must have P' ^P, ^ = ft Bf -^B. For we 
cannot have P' = 180° -P, (^ = 180°- ft B! = 180° -22 or 
P'=180°-P, ft = 180°Tft 22' = -B or similar cases, or 
P" = 180-P, Q' = ft 22' = i? or simQar cases. 

Ex. 24. By Ex. 1 of p. 25, iJIfiV and L'MIT are || to the 
|b got by turning the pedal |» of Pand 2^ through a given 
angle. Hence the angle between them is 90° by Ex. 2 of p. 26. 

CHAPTER III 

Page 81. Ex. 1. Draw AE 1 BC, Then BE^ EC. 
.'. BD.DC+AB^-AB^ 
^(BE+ED){EC'-ED) + AE^ + ED^-AjE?-BE^ 
^ {BE^ED)(BE-ED)^ ED^ -BE^ 
= BE^ - EL^ + ED^-BE^ - 0. 
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Bx. a. cos BGA = (BC* + AC^- AB^/2 BC . AC 
cos CAD = {AL^ + AC^- CD^/2AD . AC. 
But COB jBC4 = cos(180° - CAD) = -cos CAD 
and BO^AD, 

.'. BC^ + AG^-AB^^-AD^-AC^ + CD^ 
.-. AB^ = BC^ + ilC« + AJ^ since AC = CD. 
Bx. 8. (i) LSPq = rPO = im''-ACZ-BTC-'A + a-a 
= 4, where o = CZ-d ; so Q « £ and £ •== (7. 

(ii) PB:5Z::sina:sinP; QC:CX::saia -.smQ; BA 
: ^7:: sina:sini2. Also ^£:^X :: sina:sin£; BC 
•.BY::wa.a:waC;CA:GZ::eiaa:a.nA, Now substitute 
and notice that A^P, B=Q, C = B. 

Page 32. Bx. 1. PR = JPQ = \{0Q- OP). 
Bx.2. 2CB = 2(Oi2-OC)= OP+OQ-0^-05 
and AP+BQ^'OP-OA + OQ-OB^'^CR 

Bx. 8. Let X bisect PQ, .'. 4:OX = 20P+20Q 
= 0J5+ 00+ 04 + 00 = 2 0C+ OA + 05. 
Let r bisect OiZ, 

.-. 40r= 200+20^ = 20C+04 + 0B, 
.'. OX = or, .'. Z and r coincide. 
Page 33. Bx. 1. OR^ - PR'- = {OR + PR) {OR - PR) 

={OR+RQ)OP^OQ.OP. 
Bx. 2. 2CR.AB-AP.AQ + BP.BQ 
''2{AR-A0AB-AP.AQ+ {AP-AB) {AQ - AB) 
= {AP+AQ-AB)AB-AP.AQ + {AP-AB){AQ-AB) 
= AP.AB + AQ.AB-AB^-AP.AQ + AP.A<i-AP.AB 

-AB.AQ + AB^ = 0. 
Bx. 8. (i) OA + OB + 0C+ ...-». OG 

''GA-GO + GB-GO+GC-GO+...-n.OG 
= GA + GB+GC+ ... -n.GO + n.GO = 0. 
{ii) OA^ + OB^ + Oa'+...-GA^-GB^-GC^-.-n.GO^ 
= (04-ffO)«+ ...-GA^-... -n. GO^ 
^GA^-2GA.G0 + G0'+...-GA^-...-n.G0^ 
'•-2GO{GA + GB+GC+...) + n.GO^-n.GO^ = 0. 
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Page 84. § 4. Ex. Let be the centre and r the radius 
of the O. Then 

a^.BC+V^.CA + t^.AB + BC.CA.AB 
- {OA' - r^ BC+ (OB' -r^CA + (OC -r')AB 

+ BC. CA . AB 
•=OA'.BC+ OB' .CA + OC .AB+ BC. GA . AB 

-r'(BC+CA + AB)~0. 

Page 34. § 6. Ex. 1. AM'-MB' = MW-M^ 

= BE'~AF'-BP^. 

Bx. 2. We are giyen {AO'-r^~ {BO' - r') = AO' - BO'. 
Hence the locus of the centre is a | X AB, 

Page 35. Ex.1. Let the 1»AX', BY', CZ' on B'C, 
CA', A'Bf concur ; we have to prove that the L* A'X, 
B'T, CZ on BG, CA, AB concur. Now since AX', BY', 
CZ' concur, 

. •. = A'Z" + SX" +CT'-A'T'- CX" - B'Z" 
= A'Z" - B'Z" + B'X" - CX" + Cr « - A'Y" 

- A'C - B'C + B'A' - CA' + CB' - A'S' 

- -AC"+BC'-BA"+CA"-CB"+AB" 

- -AZ' + BZ'-BX? + CX?-CY' + AY', 
.'. AZ^^-BX? + CY' = AY' + CX? + BZ', 

.'. A'X,B^Y, CZ concur. 

Ex.3. AZ'-BZ' + BX'-CX^+CY'-AY' 
~BF'-AF' + CS'-BI>' + AE'-CE' 
= BC-AC' + CA'-BA' + AB'-BC - 0. 

Bx. 8. Let the 1" be Zj Xj, J^ Y^, I^Z^. Then 
AZa' - BZi + BX^ - GX^ + CY^ - A Y^ 

= (s_j,)2-(s-o)« + (s-c)«-(s-6)* + {s-o)«-(s-c)« = 0. 

Ex. 4. Let the !• be XX^, YYx, ZZ^. Then 
AZ^ - BZi' + BXi' - GXi' + CYi' -AY^' 
= AZ' - ZZi' -BZ' + ZZi' + BX' - XXi' - CX* + XX^* 

+ CY'- YYi' ~AY'+YYi» 
= AZ' -AY' + BX' - BZ' + CY'- CX' 
- XZ' - XY' +YX'- YZ' + ZY'-ZX' - 0, 
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Page 36. Ex. 1. AB^ + AC^ = 2(A'A^-¥A'B^) is given. 
Hence A' A is given. Also A' is a given pt. Hence the 
locus of J. is a O. 

Ex. 2. Let the |h be ABGD and the int^" of the 
diagonals. Then 

(AB^ + BC^) + {CD^ + DA^ = 2(50^ + AG^) + 2 (DO^ + AO^) 

= 4^02 + 4502 = AC^ + BJDK 
Ex. 8. (^52 + BC^) + (CD2 + D^2) 

= 2 (5^2 + ^-^2) + 2(DJ5;2 + AE^) 
= 4:AIP + 2{BE^ + 2)J5J2) = AC^ + 4(^2^^ + BF^) 
= AG^-^4.EF^ + 4.BF^ = AC^ + BI)^ + iEF^. 
Ex. 4. ^^2^.^cf2 = 2(AA'^ + BA'% 

.'. c2 + 62 = 20!^+ -^; and so on. 

.-. 4(iC2 + y2 + ^2) 

= 2c2 + 262-o2 + 2a2 + 2c2-62+262 + 2a2-c2 
= 3(a2 + 62 + c2). 

Now ^AQ^2AA'^2x, 

.-. 9(^6?2 + J562+C62) = 4(«2 + yj + -y2) = 3(^2 + 52 + ^2). 

Page 37. § 8. Ex. Take on i9C so that m , BG 
^-n.GG. Then 

m.BP^'-n.GP^^'n\.BG^-n.CO^-^(m-"n)PG^ 
which is given ; hence PG is given. Hence the locus of P 
is a O with centre at G. 

Page 37. §9. Ex. 1. Here 

miP^i2+ ... = wi . e^i2+ ... +(wi+ ...)PG2 
is given. Hence BG is known. Hence the locus of P is a O. 

Ex. 2. 2(w . P-42) ig least when 2(w . e^2) + pe[22^ jg 
least, i.e. when PG is least, i.e. when P is at G. 

Page 38. Ex. 1. Let the ||™ be PQRS, P being on ^^. 
Then, since AP: PB ::CQ: QB, if P is the c. of g. of w at -4 
and n at P, Q is the c. of g. of m at C and n at P. Place, 
then, 2m at A, 2n at B, 2m at 0, and 2n at Z). Now 
A8iSDMAPiPBi\nim2ijidiGRiBB:\AS\SD:in\m. 
Hence we can replace the original masses by m + n at P, Q, 
P, /Sf. Let U be the int^ of PR and Q/Sf. Then we can 

s.xsr. 5 

U 
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replace m + n at P and ni + n at E by 2(m + n) at U; and 
m + nat Qand m + nat /Sby 2(i»i + n) at U. Hence ^ is the 
c. of g. of the original masses. But 2m at A and 2m at (7 
give 4m at Ej the centre of AC\ and 2n at B and 2n at 2> 
give 4n at F, the centre of BB. Hence the c. of g. lies on 
EF. Hence the locus of IT is EF, 

Ex. a. Place masses l~\ m"^, n"^ at A, B, G. Then m"^ 
at B and n"^ at C give w^ + w"^ at X, since BX.m""^ 
= XC n~\ Hence the c. of g., G, of the masses at A, B, 
C is that of f^ at A and m"^ + n"^ at X, and hence lies 
on AX. So e lies on BY, CL. Hence J.X, PF, CZ concur. 
Also ^S.Z-i= iSX(w-i + w-i). 

Ex. 3. Let E be the c. of g. of masses mk ni A and nk at 
J9; then G is the c. of g. of 9ii2 at D and ^ at (7, for 
AEiEB iiDGiGCiinim. SoHis the c. of g. of tnft at A 
and m2 at D, and F is the c. of g. of nA; at B and n2 at C. 

Now place tnA; at ^, nX; at B, til at C, and ml at 2). Then tnA; 
at A and nX; at £ give mk + nkatE; so tn2 at D and n2 at C 
give m2 + n{ at &. Hence the c of g. of the original masses 
lies on EG ; and so on HF. Hence EG and HF meet at 
the c. of g. and .'. lie in a plana 

Page 40. Ex. 1. In the fig. of the text, take the pt. F on 
AB so that AF/FB » a/b and E on AG produced so that 
AE/CE^c/d. Let EF cut BG Sit D. Then 

(AF/FB) . (BD/BG) . (GE/EA) = -- 1, 
.-. (o/6).(JB2>/D(7)-^(-c/d)= -1, 
.\ CB/BB^{a/h)'i-{c/di. 

Ex. 2. Let BQ cut J^C at P. Then 

(Ce/«^) (^22/-B5) (5P/P0 = - 1, 
.-. GP/BP - (Ce/«^) . (AB/BB) = (C«/e^)2. 

Ex. 8. Let the internal and external bisectors of A cut BC 
at B and 2/; and similarly determine E, Ff on GA and 
F, -F' on AB. Then 

(BB/BG) (GE/EA) (AF'/FB) = (c/6) (a/c) ( - h/a) = - 1. 
Hence D, E, F' are collinear. So F, F, 2/ and F, D, ^' and 
B', E\ F' are collinear. 
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Ex. 4. Let the tangent at A meet BC at D. 

Then BDiDG:: (BD/DA) : (I)G/DA\ 

: {sin BAD/&in DBA) : (sin DAG/Bin DCA\ 

: (sin D^F/sin jB) : (sin jB/sin C), 

rsin^Czsin^^. 
So for GEiEA and AF.FB. 
Also D, jE:, F are outside BGy GA, AB. 
Hence AF.BD.GE^ -FB.DG.EA. 

Ex. 6. We know that 

{BX/GX).{GY/AY).(AZ/BZ) = 1. 
But [BX/GX) = ABOX/A GOX 

= OB.OX sin BOX/OG. OX sin COX • 
= (OJB/OC) . (sin BOX/Bin GOX). 
So for GY/AY and AZ/BZ. Hence 
(sin -BOX/sin COX) . (sin COF/sin ^OF) . (sin AOZ/sin BOZ) 
= (J5Z/CX) . {GY/A Y) . (AZ/BZ) = 1. 

Ex. 6. For brevity take 5 pts. It vdll be seen that the 
proof applies to any number of pts. 
Let LM cut AG at N^ and AB at Bf. 
Then (AL/BL) . (BM/GM) . (GN^/AIT) = 1, 
[AN'/GN") . (C2V/2)JV) , (DBf/ABT) = 1, 
(ABf/DK) . (DB/EB) . (E8/AS) = 1. 
Multiplying, we get 

(AL/BL) . (BM/GM) . (GN/DN) . (DB/EB) (E8/AS) = 1. 
Ex. 7. Let AG cut LM at X and BN at F. Then from 
the Aul-BC, 

AL.BM.GX-- --LB.MG.XAj 
and from the A J.i)C> 

GN.DB.AY= "ND.BA.YG. 
Multiply and divide by the given relation and we get 
GX.AY=^XA.YG, 
.-. GX:XA::GY:YA. 
Hence X and Y coincide; i.e. LM,BN meet on AG; so 
LB, MN meet on BD. ' 

Ex. 8. (1) Suppose the As are in perspective. Let B^G', 

B 2 
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C'A', A'V cut BG, CA, AB at Z, F, Z. Then from the trans- 
versals XB2C1, YC2A1 and ZA2B1 of the A ABO, we have 
{BX/XC) . (CBJB^A) . (ACJC^B) = - L (i) 

(GY/YA) . (AGJG^B) . (BAJA^ C) = - 1, (ii) 

{AZ/ZB) . (i5^2/^2 <?) . [GBi/B^A) = - 1. (iii) 

But X, r, Z are collinear, 

. •. (BX/XG) . (Cr/r4) . {AZ/ZB) = - 1. (iv) 

Multiplying (i), (ii), (iii) together, and dividing the result 
by (iv) we get the given relation. 

(2) Suppose the given relation holds. Then (i), (ii), (iii) 
hold and the given relation holds. Hence (iv) holds, 
.'. X, Yf Z ttxe coUinear, .*. the A^ are in perspective. 

Ex. 9. By Ex. 8, ^2-^1 > '^2Qi» ^2^1 ^^^'^^ a A in perspec- 
tive with GAB if the relation of Ex. 8 holds. But in this 
relation we can interchange Ai and J.2. Hence AiBi, 
B^Gii G2A2 form a A in perspective with GAB. 

Ex. 10. Let the figures PQB... and P'Q^BT.., be homo- 
thetic w. r. to iS''; and the figures PQB... and P^^IT... 
w. r. to S\ Then P'Q' || PQ and PQ \\ P'QT; hence P^QT II 
P^Q^. Considering P', P^ as fixed pts. and Q', ^ as variable 
pts., let ^^ cut P'P^ at iS. Then 

SP':SP'::(yP'':Q^P'::{QrP'':QP)'i-{Q^P':QP) 
a const, ratio. Hence iS is a fixed pt. Also S(y:S(y 
::8P"iSP' is const. Hence Qf', Q^ generate homothetic 
figures about S. 

Again, in th6 APP'P\ 

S'P. SP\S'P^ = S^'P'.SP^.S'P, 
since PQ.P'Qf. P^QT = P'^ . P^QT. PQ. 

Hence S, S\ S^ are collinear. 
Page 43. § 14. Ex. 1. 

AF.BD.CE ^ (g-5)(5-c)(5-a) ^ 
FB.BG.EA (5-a)(s-6)(s-c) 
Ex. 2. SD/AB = A SBB/A ABB = A SCD/A AGD 
^{ASBB+A9GB)/{AABD+AAGB) 
^ABSG/AABC; 
so SE/BE SLudSF/GF. Now add. 
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Ex. 8. We are given that 

AF.BD.CE^FB.BC.EA. 
Also AF.AF.BD.Biy.CE.GEr 

^FB.FB.DG.jyC.EA.irA 
since AF. AF' = AE. AFj and so on. 

Hence AF" . BL^.CET ^ F'B.D'C.E'A. 
Hence AB", BE", CF' concur. 

Ex. 4. We are given that 

AF.BB.GE^FB.BC.EA, 
BB OE ^ FB BF 
•'• BC'AE^ AF~ AF 
Hence F is at infinity. Hence CS \\ AB. 

End of Chapteb III 

Ex. 1. Taking any pt. on AA' as origin and writing 
a for OA and so on, we have to prove that 

(a -i>) (o' -1)) (it - 1?) + (ft -i?) (6' -i?) (m - w) 
+ {C''p)(</-p)(v-u) = (a-qjia'-qjifv-v) 
+ (6-fl)(6'-2)(tt-t(;) + (c-2)(c'-g)(t;-tt), 
or -i?(a + aO(w-t;)-p(6 + feO(W"-«')-l'(c + 0(v-«*) 
+l>^(«;-t; + M-«; + t;-tt), 

or -p2u{W''V)-p2v(u-fv)-p2fo{V''U) 

= -g2M(w-v)— 22t;(«-«;)-g2w(t;-M), 
since a + a' = 0^ + OA' = 20?7 = 2m and so on. 

And this is true. 

Ex. 2. Let the ±« be AX, BT, CZ. Then 

^^AB^-Aq^^GC^-CF^ + BB^-BB^ 

= («-6)2-(«-c)2 + (5-a)2-(s-6)2 + (5-c)a-(s-a)2 = 0. 

Ex. 3. ^J92 + ^02 = 2 (^'^2 + ^'JB2) = 2AA' . ^P, 

if ^^' . AP- A'A^ = ^'^, 

i.e. if AA' (AP-AA') = A'B^, 

I e. if -4^' . A'P - 5.A' . A'C ; which is true. 
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Ex. 4. See p. 36, Ex. 3. We are given that EF = 0. 
Hence the inf^ oi AC and BD bisects both ^C and BD. 
Hence AO, OB « CO, OB and lAOB^ COB, 

.-. Z OAB - OOT, .-. ^2> II BC. So ^JB » CB. 

Ex. 6. ^^2 + AC^ = 2^'^2 + 2^'J?^ 

or c2 + 62=:2a;U'2. J, .-. aj2 t= (262 + 2c2-aV4. 

Ex. 6. Let a bisect OA and R bisect PQ. Then 

Oi?2 + ^2P = 2i2C2 + 20C2. 
Hence R(^ « ^Oii^ + i^i^^- JO^^ 

for B is the centre of the O FAQ, since A = 90° Hence 
22(7 is const. 

Ex. 7. BXiXC : : BA .AC. Hence X is the c. of g. of 6 
at jB and c at C Hence 

6.il52 + c.^02 = 6.XJB2 + c.ZC2 + (&+c)^X2. 
Now 5X/ZC - C/&, . •. BX/(BX + XC) « c/{h + c), 

.'. J?X « ac/{}) + c) ; so CX = a&/(^ + c), 
.-. (6 + c)^X2=:=6c2 + c62-6a2cV(6 + c)2-ca26V(2> + c)2 

= 5c(6 + c)-a26c(c + 5)/(5 + c)2, 
.-. ^X2=6c-aa6c/(& + c)2 = 6c[(& + c)2-a2]/(6 + c)2 
= 6c(6 + c-a)(6 + c + a)/(6 + c)2. 

Ex. 8. Let BL:LC=^p:q. Then (p + g) at i = (is 
equivalent to) q at B and p at C; so (p + g) at Jlf = g at C 
and p at J., and (p + g) at ^ = g at J. and p at J9. Hence 
p + q,p-¥q,p + q at i, Jf, ^==i? + g,i) + g,i)+g at ^, P, C; 
i.e. 3(i? + g) at the c. of g. of i, M, N= S{p + q) at the c. 
of g. of A,B,C; i.e. the two c^ of g. coincide. 

Ex. 9. Place masses 1, 1, 2 at C, A, B. Then 1 at and 
1 at ^ and 2 at P == 2 at F and 2 at B. Hence & lies on 
BY. Also 1 at C and 1 at ^ and 2 at ^ = 1 at C and 
3 at Z. Hence (? lies on CZ. Hence (? is at P. Hence 
CP = 3.PZ. 



CE 
CD 



End of Chapter III 23 

Ex. 10. 

UA UC ^ ainJ sing a XA I£ _ ?EJ? sin J 
UD' UB ~ mnA ' anO VB' VD~ my A ' sin C* 

Bx. IL BXiXC- ABXA'.AAXC 

= AB.AXanBAXiAX.ACmnXAC. 

So Ji'P:PE-.^J'.^PsinB^Z:^P.4JE?BinX4C, 

BX AB/AF, ,. . . . -,„„_, 
.•• =^9 «= -777/ 2k y oivMion, since FP = PE, 

BX Cr AZ AB BO CA/AF BD 
• • XC' YA' ZB AC' BACB I AE' BF' 

= - . - . - X - 1 (since D, 17, Fare collinear) 

= - 1. Hence Z, F, Z are oollinoBr. 
Bx. 12. AV/A<f - ^ii'sin (TA'A/AA'anAA'B^ and so on. 
Hence 
46' B^ C^_ sin C^^^^ BJn^^J^g sin B^CC _ 
Ad' B<jl' CV sin^^'B' ' AnBWC ' sin CCA' ' 
since A' A, B'B, C'C concur. 

Ex. 18. (i) Suppose A', S', C, 2/ are in the same plane. 
Then 4'!)', S'C, BD (being the int"* of three planes) concur, 
at X, say. Then I/A'X and the A ADB give 
AA'.BX.DD^^A'B.XD.D'A. 
So S^ . CC .DX^BTC. CD . XB. 

Now multiply. Then 

AA' . BBT . CC" . DD^ = 4'5 . B'C. CD . l/^. 
(ii) Suppose 

AA' . BBT . CC . DDT = 4'B . ffC. CD . JD'4. 
Then, as in Ex. 7 of p. 41, 1/A', CJff concur. 
Hence If, A', C, Bf are coplanar. 

BY APBY BP.BYBvnPBY 



Ex.14. 



YQ A YBQ BY.BQam YBQ 

anPBY FY BQ einP , 

~ — =?;t^ -5- =r;i = K^ = -: — ^ ; and so on. 



• • sin YBQ ' YQ BP siaQ' 
Now multiply up 
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Ex. 15. h%%^ ^DC.DB.EA.EO.FB.FA 
= AF^ . BD^ . C^ numericaUy 
since FB . DC. EA = AF. BB . GE numerically. 

Ex, 16. AZ.BX.CQ^ -^ZB.XC.QA, 

or (s-6){5-c;).CQ= -(s-a)(s-h).QA, 

.*. CQ/QA = — (s-a)/(s-c), and so on. 
Now multiply up. 

AV AAVB AAVC 
' ^' VX^ ABVX A CVX 

AAVB+AAVC 
ABVO 
AZ AAVG AY _ AAVB 
ZB ABV& YC ABVC 
Now substitute. 
Ex. 18. AX, BY, CZ concur, 
•f s inB^X Bin AOZ smCBY ^ . 

^ sin XAC * sin ZGB ' sin YBA 

or briefly if H sin BAX/sia XAG ^ 1. 
Now, since PX, QY, RZ concur, .-. UBX/XQ = 1, 
.\ nA2?^X/AX^e= 1, 
.-. n^l?.^X8in5^XMZ.^§sinX^C= 1, 
.-. nsin5^X/sinX^C= UAQ/AB = 1, 
since AP, BQ, GB concur. 
Ex. 19. We are given that 

BX.CY.AZ== -XG.YA.ZB, 
or 5(s-a)(5-a) = (s-a)(8-c)(s-h\ 

or 8^-08 = s2-s(5 + c) + 5c, 

or (5 + c-a){5 + c + a) = 26c, 

or 62 4.2tc + c2-a2 = 26c, 

Ex. 20. We are given that 

BX. GY. AZ - XC. YA . Z^. 
But since BG and XX' have the same centre, BX = X'C ; 
and so on. 

Hence X'G. TA . Z'B = BX' . Cr . ^Z'. 
Hence AX\ BY\ GZ concur. 
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Fage47. Ex. 1. IMNA + P'AN^ MPA + PAM = dff". 
KenceMNlAP'. 

Ex, 2. IBAO = 90°- C = CAB. 

Page 48. § 2. Ex. 1. We must have a^a\ fi = ^,y^y 
in aa' = /3^ = y/, .-. a = ±/3 == ± y. Hence I, J^, Jg, I3 
are the only such pts. 

Ex. 2. For if P is any pt. on BC, then Z J?CP = ^(M ( = 0) 
and CBP = ABA. 

Ex. 3. With Pand P^ as foci describe a conic to touch BC 
Then since PL.P'L' = Pilf . P'3P = PiST. P'iV, the conic 
also touches CA and AB. Hence 2^ X^ Jf, JlT, ^, ^ lie on 
the auxiliary O of the conic. 

Or. AM. AM' = ^PcosP4C. ^P'cosP'^C 
=AP cos P'AB. AP' cos PAB = AP coa PAB. AP' cos P'AB 
= J.^. AN\ Hence Jtf, ilf' , ^, N' lie on a O whose centre 
bisects PP", at F, say. Hence FZIf = Of' « F2V= Ffl^' 
= (also, similarly) VL = VL\ Hence i, X', ilf, M\ N, N' 
are concyclic. 

Page 48. § 3. Ex. 1. We know that 
AAGB^ABGC=^ACOA, .\ iaa = ^6/3 = ^cy, 
.*. a' : /3' : / :: a"^ : /S""^ : y'^ ::a:b:c. 

l&x.2.BP:PC::ABKA:ACKA::icy:ib^::c.c:h.b 
for /:/3'::c:&. 

Page 49. § 4. Ex. 1. AAEF^ABG. 

Ex. 2. (i) Let the intercepts XT and X'Y between 
AX'XB and ATT'C be || the isogonal |» ^P and ^K (In 
the figure, take AP and AP' outside BAC for convenience.) 
Then lAXY = P^J? = P'AG = ^Y'Z'. Hence XF and 
X'Y' are antiparallel. (iii) is proved similarly. 

(ii) Let XY and X'F be ± ^P and AP'. Then Z^FX 
= 90°-P^C = 90°-P'^5=:^Z'r. HenceXFandZ'r 
are antiparallel. (iv) is proved similarly. 

Ex.3. Let ^Tbe the tangent at ^. Then Z2!4C==^J?a 

Page 49. § 5. Ex. Let the || through T to the tangent 
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at A cut AB at P and AC z,iQ\ and let the tangent cut TB 
at X and TG at F. Then Z QPA = P^Z = J?(M. Hence 
PQ and £(7 are antiparallel. 

Again LTFB = J5^X = ABX = T^P, .\ TB = TP; so 
TO = TQ. But 2!B = T(7, .-. TP « TQ. Hence ^Tbisects 
an antiparallel to BC and is . *. a symmedian. 

Page 50. Ex. Let P^ = a?, PJB = y and AB = c. Then 
w = Ix-^-my has to be greatest, given a?^+ ^ « c^. Now 
(te + wy)2 + Py - ma?)* « (P + w2) (a?2 + 2^), 

.•. tt* = (P + m2)c2-py-ma;)2 is greatest when 2y- ma? = 0, 
i.e. when xiywlim. Hence the angle PAB can be con- 
structed, since a;: y is known. 

Page 51. § 7. Ex. 1. First, with the figure of § 7, suppose 
BC given and also the angle BCA. Then the locus of X2 is 
the O touching CA at C and passing through B. So in the 
given case, the locus of Of is the O touching BA at B and 
passing through C 

Ex. 2. Let J?22 cut the O at X. Then LACX » B^Z 
= -AU5=CBZbyl|8. 

Ex. 8. ZJBX2C=180°-a)-(C-a))=180°-G 

End of Chapter IV 

Ex. 1. Let D, J£> F be the collinear pts. and J.2/, B^, 
CF the isogonal conjugates. Then sinJ.C[F. sinB^D 
. sinCBJEJ = - sin JTOB . sinD^C . sinJ&BA But ACF 
^F'CB, and so on. Hence wiFCB . sin If AC. wiE'BA 
= - sin ACF\wi BAD' . sin CBjB'. Hence If, E\ F' are 
collinear. 

Ex, a. Let LBAP = (^AC = 2>. Then 
AP AP^Aq AQ 
BP' PC BQ' QO' 
smB sin (7 sinB sinO 

sin2) aiaiA-I)) sin(-4-Z)) sinZ) 
Ex. 8. Let P' be the pt. at infinity on AQ. It is sufficient 
to prove that lABP'^ CBP. Now BP' || ^Q. Hence 
ABP'^BAQ = (MP - CBP. 
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Ex. 4. PL/BP = sin PBL = sinJP'^JV' = P'NjP'B, 

.-. BP/BP'^PL/P'2^ = a/'/<x:ayaifi'^ac(PM)'\ 

Ex. 6. If jy is (a\ /3', y% the equation of BB' is 
y/a « //o' « c/a, since a^ ==^ - a^ Y ^ - c. 
Hence AA% BBf, CC meet at the pt. a : /3 : y : : a : 6 :c. 

Ex. e. Let P, (a', /i', /), bisect AB. Then 

//a' = i^2>sinJ?ilD/iilD = cos5 = c/a. 
So ^/a'^h/a, .-. afifi'iYiiaihic. 

Ex. 7. (i) Since il£C> PQ£ are inscribed in the same O, 
they are congruent if similar. Now LQRP ^ QSG+PBC 
--QBC+PAC^BAP+PAG^A; so Q = C, P ^ B. 
Hence the A^ are similar. 

(ii) Z QBa = QBC = BAP = PQGL ; and so on. Hence 
12 is a Brocard pt. of PQR^ 

Ex. 8. For clearness let P, Q^B^BThe called B, A, C, C\ 
Then i2 of ABC lies on the O ACG% since this touches BA 
at ul and passes through 0. Also 12 is a Brocard pt. of 
ABC ; for Z.10'i2 = .1C12 = w, CBQ. = CS12 « o), S412 
:= o). Also o) is the new Brocard angle. 

Ex. 9. ill2 = ^Csina)/sin[180°-ft)-(il-.a))] 
= &sina>/sinil ; and so on. 
and 412' = ^5sina)/sin[180°-a)-(^-a))] 

= csinco/sinil ; and so on. 

Now substitute. 

CHAPTER V 

Page 64. Ex. Since (BG, XX') is h^ 

BX/XG = -BX'/X'C; and so on. 
Since AX, BY, GZ concur, 

BX. GY. AZ « XG. YA.ZB, 
.-. BT.GT.AZ'r^^ --X'G.rA.Z'B. 
Hence Z', F, Z' are collinear. 

Pi^e 56. Ex. 1. OG. OD = OA^, Hence OG and 02) 
have the same sign. 
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Ex. 2. AC:AD::OC:AO if AC.AO^ AD.OG, Le. if 
(c-a)(-a) = (<l-a)c, where c=^OC, and so on, Le. if 
-ca + a^ = dc-ac, i.e. if a^ = cd. 

Ex. 8. AS^ + CS^ ^4UV^ if (6-a)2 + ((f-c)2 = 4t;2, 
where b = VB = -UA = -a 

and 4t;2 = 4CrF2 = (?7C+ CrD)^ = [c + d)^ = c2 + 2c(l + (|2^ 
i.e. if 4a^ + d^'-2dc + c^ = ca + 2c(l + e?^ 

Le. if a^=-cd. 

Ex. 4. Taking £ as origin, 

AB.CI) + 2AD.BC a(tl-c) + 2(d-a)c 

= -a(J + ac + 2cd-2ac = 2c(f-a(l-ac = 0; 
for 2/a=l/c+lM 

Ex.6. CA.CB + DA.DB-CI>^ 

=:(a-c)(-c) + (a-(i)(-d)-(cl-c)2 

= 2cd-ad"(ic = 0. 

Bx.e. PA.BG+PB.AB + PC.DB + PB.CA 

= (a-i?)c + (-p)((f-a) + (c-i))(-(l) + (e^-p)(a-c) 

= ad + ac-2cd = 0. 

Fi^r® 58. §3. Ex.1. A section of the pencil il^CC^^JB'C) 
is C^AIB where J is at infinity on BA ; and this is h^' since 
C bisects BA. 

Ex. 2. Let FD cut A'B" at JST. Then (A^BfC'ETj is h^, 
being a section of the h9 pencil V (ABCB) ; and {A^B^CB^) 
is h®, /. ^ coincides with 2^. 

Ex. 8. Let VD and TB^ meet ul5 at ^ and E'. Then 
(ABCE) and {ABCE") are h^, .-. ^ and JS?' coincide. 

Ex. 4. (i) Draw the 1* from Cand D. Then 
Pi /Pi = ^Csin A VC/VC Bin CVB, 
and i?3 /i?4 = - FD sin il FD/FD sin DVB 

( - , since p^ is - if ^g ^^ + )> 

••• P\IPi^PzIP\^ 
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(ii) If Pi /p2 = Pa /i>4, then, as above, 

sin A 7(7/ sin OVB == - sin il F2>/ sin DVB, 
.-. F(ii5, CD) is he. 

Fi^r® 58. § 4. Ex. 1. Let VE be the other bisector. 
Then V{AB, CE) is h<^ ; and also V(ABy CD). Hence YD 
coincides with VE, 

Ex. 2. We know that AI, AI^ bisect Z^^C. Also 10 AB 
^W-C=HAG] hence ^I and AI^ also bisect Z Oil-H: 

Ff^^e 59. Ex. 1. Let the segments be PB' and QQ^. 
Through any pt. V draw the O^ VBIP" and VQQ' cutting 
again at F'. Let VV cut PP' at 0. Draw OT touching 
either O. With as centre and OT as radius draw a O 
cutting BQ' at E and JP. Then JS7, fare h^ with both BB' 
and qqf. For bisects EF) and 0^^ « ^ja ^qV. OV 
= OP. OP', .'. (EF, BB') is ho. So (EF\ QQ') is h^. is 
the centre and E, F the double pts. of the involution deter- 
mined by BB\ Q(^. 

Ex. 2. Take the section BB'QQf of the pencil and con- 
struct JEJ, F as in Ex. 1. Then V(EF, BB') and V{EF, QO 
are h^. 

Ex. 3. For clearness write Uforp and Ffor q. Then 
QB.QB'-2QO.VU^{p''q)(p^-q) + 2q(u^v) 
--pp'''pq-p'q^<i-\rq{p^p'-q''c[) 

^ pp' -pq-p'q + q^-^pq-^-p'q'q^-qiSt =^ 0, 
since pp' =- OP. OB"^ OQ. OQf = q^. 

Ex.4. BA.BB-BC.BD-¥2UV.B0 

= (a-i?)(&-i?)-(c-i))(e^-i)) + 2(t;-w)(-i>) 
= a6-ap-i>6+i)2-cd + (^+|)d-jp2 + (c + d-a-6)(-p) 
= ab''ap-lp''Cd + (p-\-dp''(p-dp-\-ap + bp 
= a6 - cd == 0, 
for a6 = 0ul.0-B= 0C.02) = cd. 

Fi^ro 61. Ex. 1. (i) (BGy BX) is h^ because BCis a diagonal 
of the quadrilateral ABSQA ; so (CA, QY) and (-4^, iJZ). 
(ii) Now use p. 54. Ex. 
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(iii) AX, CZy BQ concur if 

AZ.BX. CQ = ZB.XG. QA. 
But AE. BF. CQ ^ EB.PC. QA 

and AZ/ZB - -AB/EB and BX/XC^ -BP/PC. 

Ex. 2. Let PQ meet J^JB at U and £0 at I (at infinity). 
Then the diagonal PQ of APEQA is divided h^y by U, I. 
Hence U bisects PQ. 

Ex. 3. Take L on £(7and JKf on CA so that {BG, XL) and 
(CA, YM) are h^. Now project LM to infinity, taking any 
vertex of proj^. Then, in the new figure, (B'C'y X'V) is h<* 
and 2^^ is at infinity; hence X^ bisects BfC' ] so !F bisects 
G'A\ HenceS'isthecentroidof^'^C. 

Ex. 4. Take I on LM and J on PQ so that {LIU, MI) and 
(PR, QJ) are h^. Now project IJ to infinity. 

Fi^ro ^8* Sx* !• Ill ih^ figure of § 8, draw the | through 
W II CTF, cutting BG, BA, GD, AD at P, Q, iJ, & Then, 
since V(VW, AG) is h9, {IW, 8P) is h©. Also J is at 
infinity ; hence W bisects 8P. So W bisects QJB. 

Ex. 2. Let the || cut AU, VU at Y, X. Then, since 
U{VW, AG) is ho, (XT7, YI) is h^. Hence T bisects XW. 

End of Chapteb V 

Ex.l. c^iB^PC PD 

AB AC ad' 

if 2^ = £::^ + ^,(^beingorigin) 

oca 

. .- 2 11 

i.e. if T = ^ + j» 

c a 

Ex. 2. Taking 27 as origin 

P^.PP + P(7.PD-2P?7.PF 

= (a -1>) (& -1>) + (c -1>) (d "p) +p (2t; - 2i)) 

= -a2 + cd- --UA^+UC.UD^O, 
for b= UB-= "UA^ -a. 
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3. Let Bff, Ciy meet at 7; and let 2)Fcut ^^ at IT. 
Then (-4^, E'lf) is h^, since it is a section of the h*' pencil 
V(AB, DC). But (AB^, C'B^) is h^ ; hence E' coincides 
with C\ 

Ex. 4. Take the centre as origin. Then 
aa'= W=... = A; and a + a' == 2w, & + 6' « 2t;, c + c'- 2w, 
.-. P4.P-4',FT7+P5.P-B'.T7J7+PC.PCM7F 
= (a-i>)(a'-i?)(M;-.t;) + (6-i>)(&'-p)(t#-fi;) 

+ (c-i>)(c'-i>)(t;-tt) 
= A;(M;-t; + tt-fi; + t;-t#) 

-l>[2w («;- 1?) + 2t; (w- «;) + 2w(t? - w)] 

+|)2[w-t? + u-M^ + t;-w] «= 0. 

Ex. 6. Project BE to infinity. Then V and m^ are ||. 
Also G'F' II 4'B' and H'r U -4^0'. Hence G'^'= G'A' 
+ -4'^ = JT-B' + Cr ^ (yB\ Hence B^H" || O'ff'. Hence 
£0, CQ meet on /»• 

Ex. e. Let the 11«D5, Z/J^cut -4(7 at jE7, JST. Then ^, E' 
bisect D5, D'-B'. Hence (DB, EI) and (Zy-C, ^/) are h^, 
I being at infinity. Hence EE^ is the polar of J w. r. to AB 
and AB and .*. coincides with the j joining A to the int'^ of 
DJB' and B^B, i.e. this int"^ lies on AC. 

Ex. 7. Lot B'C cut 50 at Z'. Then 

AB'.CX'.BC^ -BTC.X'B.C'A. 

Let J^^C'' cut BG at X^ Then 

ABr.CX^.BC^ -BTCX^B.^A. 

But AVIVG^ --ABr/Brc 
and 5070'^ « -BG^ICA. 

Hence CX'/X'B = CX^/X^B. 

Hence X' and X^ coincide. So for the rest 

Ex. 8. Let AO cut BG at 2). Then (5(7, D^O is t^, since 
A (CB% OA") is he. Hence A' is known. 

Ex. 0. Let il(7and J?2> cut at 0. Then 

OX. or = 052 =, ocf2 ^ OP. oQ^ 

Hence P, Q, X, Y are concyclic. 
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Ex. 10. For clearness let be called X. Take the centre 
E of AB as origin ; then h = -a and a^ = cd. Also 
2p = 6 + c, 22)' « a + d, 2g = c + a, 23^ = 6 + d, 
= a + &, 2/= c + <l, 
.\ SXR.XR -A:XP . XP -^Xq. XQf 
= 2(-2a;)(2r'-2aj)-(2jp-2a;)(2p'-.2ic) 

-(2^- 2a;) (2/ -2a;) 
= -4a;(c + d-2a?)-(& + c-2a:)(a + e^-2a;) 

-(c + a-2a;)(6 + e?-2a;) 
= 2a;(-2c-2d + a + e?+6 + c + c + a + & + d) 

- (6a+ 6cl + ca + cd + c6 + cd + a6 + od) 
= a^-k-ad-ac-cd + ac-cd-^a^-ad 
= 2a2-2cd = 0. 
Ex. 11. Let the tangent at P cut AB at 0. Then 
OP^^OA.OB^OG.OD. 
Hence is a fixed pt. and OP is a fixed length. Hence the 
locus of P is a O. 

CHAPTER VI 

Tvyge 65. Ex. 1. Since OBiOPii OPiOB", the ^^OBP, 
OPB" are similar. Hence OB:OP::PB: PB". 



PBOBOP^ I OB. OP 
*^^' PB" OP OB'" \l OP. Off' 

Ex. 3. (i) On the same radius OA. Then Z APB = APB" 
and -4PC = APCT, .-. PP(7 = C'Pff. 

(ii) On opposite radii. Produce C'P to 2/. Then PA 
bisects ZZypC. Hence Z4PC = APB' and 4P5 = APff, 
.-. ^PO = P'Piy = 180°- C'PP'. 

Ex« 4. Let AB, CD be the two segments, (i) Suppose 
AB and CD are outside one another. Let P be a pt. such 
that Z APB = CPD. Then the angles APD and 5P(7 have 
the same bisectors ; let these cut AD at E, F. Then E, F 
are hP with J.2) and P(7; and hence are known. Also 
AEPF = 90°. Hence P lies on the O on ^jP as diameter. 
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Conversely, if P is any pt. on this O (centre 0), then since 
OA.OB=^OB.OC^ 0E% il, 2> and 5, C are pairs of 
inverse pts. Hence lAPB = CPJD. 

(ii) Let AB, CD overlap. Then, since lAPB = CPD, 
•*. APC » BPJD. Also ACsjid BD are outside one another. 
Hence case (ii) is reduced to case (i). 

(iii) Let CD be inside AB. Produce AP to A\ Then we 
must have LA'PB = CPD. The solution now proceeds as 
in case (i), PJE7, PJP being the bisectors of the angles A'PC^ 
BPD, and jE7, JPh^ with both A, C and JB, 2). 

Fi^T^ ^7. § 3. Ex. Leti) and g cut at X and F. Then 
-BZ/XO« i9^MC and CX/Z^ = C5/-B^ 
.-. BXIXA = BA/AC^CB/BA = 5C/CA 
Hence X (and so 7) lies on r. 

Fi^r« G7. § 4. Ex. L Draw the radius OC of the O ABC. 
Then LACO = C4-B = CDE. Hence OC touches G CDE. 

Ex. 2. Let the tangents at one int>^ A meet the O" at P 
and Q. Join P and Q to the other int^ B. Then, since 
^P touches one O, it is a diameter of the other. Hence 
ABP = 90^ so ABQ = 90°. 

Ex. 3. Draw (outwardly) the tangents AP and AQ Ki 
A to the ©8 ACB and ADB. Then ZZ)BC= DBA -^ ABC 
= e-4D + P4(7«180°-P4C- Hence P4Q = 90° when 
2>BC- 90°. 

Ex. 4. Let a and ft be the radii. Then a^ + &^ »= iljO". J.2) 
^BH.BE'^AF.AB-^BF.BA^AE^'-dK 

Page 69. Ex. See the figure on p. 60. (AA\ ^y) is h^. 
Hence )3, y are inverse w. r. to the O a on AA' as diameter. 
Hence the O a^y is J. O a ; and so to &, c. 

Page 70. Ex. (i) Since bisects 44', .-. PO^^(PA^PA'). 

(ii) PT^ = PA.PA\ 

(iii) Since (Pi?, 44') is h<', 2/PB = 1/P4 + 1/P4'. 

Page 71. Ex. 1. Let PQ cut the polar of 4 at 2?. Then 
Z4J?JB = 90° and B(QP, AR) is h^. Hence AB bisects 
^PBQ. 
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Ex. 2. Let a II to PiS through Fcut PQ at N, .". VNl PQ. 
Again the h<' pts. of the quadrangle P8TQ are U, V and the 
pt. I at infinity on PS. Hence V{PQ, UI) is h©, . •. (PQ, U2^ 
is h^'. Hence the polar of U passes through N; and it is 
± PQ, .'. it is VN. Also it passes through the pt. of con- 
tact £. 

Ex. 8. Let the O a? be ± to the ©■ a, 6, c. Let PP' be 
a diameter of x. Then the polar of P w. r. to a passes 
through P^ ; so f or &y c 

Page 72. Ex. 1. In the figure of p. 72, let PQ" and P'Q 
cut at £. Then, since the polar of P passes through E, the 
polar of B passes through P ; and so through Q. 

Ex. 2. The polar of B (being (7'ilO passes through A' and 
the polar of C passes through il^ Hence the polar of A^ 
passes through B and (7; so for B^ and (/. 

Ex. 3. The chords of contact^ being polars of pts. on the |, 
pass through the pole of the |. 

Ex. 4. Let the | ABCD be called 2, and its pole, L. Then 
the polar LA^ of A passes through L and is ± OA. Hence 
the pencil L(A'ffC^iy) of polars is superposable to the h® 
pencil 0(ABCB) and is .*. h^. 

Ex. 6. Let AP cut QB at U. Then the polar of S passes 
through P ; and also through A, since the polar of A passes 
through 8. Hence ilP is the polar of 8. Hence (8Uj BQ) 
is he, .-. A (8U, BQ) is ho, .-. (SP, JB(7) is he. 

Ex. 6. Since the polar of Q passes through Jf , the polar of 
M passes through Q and (being X the radius OM) is QET, and 
.*. passes through Z7. Hence the polar of U passes through 
M and is .*. PM; so the polar of F is PN. Hence the 
polar of P (on PM and PJV) is UV. Hence 17F is the 
tangent at P. 

Ex. 7. Let the tangents from P be PJR and PB' and let P^ 
be pt. inverse to P. Then BP^B^ passes through Q. 
.-. Pe*»p'p2 + P'e2«^^2»jy222 + P'ea 
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VviJg% 74. § 10. Ex. Let the lines p and q (whose poles 
are P and Q) meet at B^ Then, since the polar of P passes 
through Bj the polar of JB passes through P; and so through 
Q. Hence the pole of PQ (being B) lies on p and g ; i. e. PQ 
is conjugate \op and q. 

Page 74. § 11. Ex. Let the 1 diameters be AOA' and 
BOJB^. Let the pts. at infinity on AA\ BB^ be J, j: Then 
(AA'y 01) is h^'. Hence the polar of /, passing through 
and being! OJ., is OJ; so the polar of /is 01. Hence OIJ 
is a self-conjugate A. 

Page 75. § 12. Ex. 1. Let the polar O cut ^Oin P, P". 
Then, since AB is the polar of C, (AC, PPO is h« ; so for 
BC, AB. 

Ex. 2. Since BC is the polar of Af A and X are con- 
jugate pt& Now see p. 72, § 9, end. 

Ex.8. Let A^9(f. Then p^^HA.HDj^O in this 
case, for H coincides with A. 

7i«e 76. § 13. Ex. HO^^ B^-\-(p^/^)K With H as 
centre and pV2 (= r) as radius, describe a O, c. Then, 
since HO^ = R^^f^, the ©■ PQB and c are ±. Also Hand 
p(and .*. c) are given. 

Vz^% 76. Ex. With the figure of p. 75, let the chord 
FWQ cut UV at / (at infinity). Then, since UTi& the polar 
of W, {PQ, WI) is ho, .-. W bisects PQ. 

End of Chaft£B VI 

Ex. L Take D such that (AC, BD) is ho. Then, smce 
P (ACj BD) is ho, if PB bisects Z4PC, PD also bisects it. 
Hence BPB » 90"". Hence the locus of P is the O on BB 
as diameter. Also if P is any pt. on this O, Z BPB = 90° 
and P(-4(?, BD) is ho ; hence PB bisects Z^IPC. 

Ex.2. The O on PQ as diameter is JL the given O. 
Hence the tangent from B to the O is equal to BP. 

Ex. a. Since OU:OP:iOP:OVj .'. LOPTJ ^ 07P, and 

opv = 0(iP, .\orp^ OQP. 

02 
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Ex. 4. {Fl^, Q^) is ho because its orthogonal proj^ {AA\ 
BBOisho; henceO(PP^ COO is h<5. Also if T is the pt. of 
contact of ^r, lAOF = FOT and TOP'-- P'OA\ Hence 
POP' = 4(4OT+TO40 = W- Hence OP, OP' bisect ^0^. 
Hence OQiOQf iiQP' iP'qf ::BA' lA'B^ iacon^. 

Ex. 5. Now PAiPGi: AB : CD, which is given. Hence 
P lies on a O ; so * PB : PD == const.' gives another O on 
which P lies. Hence there are two positions of P. For if 
X is one of the int^^ of the above 0«, then XA :XC:: XB 
: XD i:AB:GD; hence XAB and XCD are similar. 

Ex. e. Let JB^and CM cut at E. Then, by p. 68, Ex. 3, 
AMR = 90° = ANB. Hence AMNR is cyclic. 

Ex. 7. Let the int^ be A and the diameters Bff, CC\ 
Let ^0, AC cut the O on BB" again at 2), 2>'. Then BAB^ 
= 90°, since CAC = 90°. Hence DZ/ is a diameter. Let 
bisect BB'; then Z02)il == OAD = ilC'C since Oil touches 
the O on CG\ Hence the A> 2/00' and I/^ID are similar. 
Hence LB^OC -^ IfAB « 90° Hence AC passes through 
2), an end of the J. diameter BN. 

Ex. 8. Since PQ:PT::PTi PB, the A« PQT and PTJJ are 
similar, .-. QT:RT::PT: PB. So QT' .ET i.PT iPB. 
Also PT^Pr. 

Ex. 0. The poles of 1^ through a given pi lie, of course, 
on the polar of the pt. 

Ex. 10. Let the tangents be TL, TM. Then, since the 
polar of T passes through 8, the polar of S passes through T. 
It also passes through P ; and hence is TP. Let TP cut LM 
at N. Then (SN, ML) is h©, .'. T{SN, ML) is h^, .-. {SP, 
BQ) is he. 

Ex. 11. Take the centre of the O. Let PQ cut B8, 08 
at M, N. The polar of N (which lies on PQ the polar of 22) 
passes through B and is X 0^; and hence is B8. Hence 
(20f, PC) is ho. Also, since iS (iV3f, PQ) is h^ and JVSitf 
= 90°, SB bisects Pfi^Q. 
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Ex. 12. Let EF be the third diagonal. Then E, F, being 
h<' pts. of the iniscribed quadrangle, are conjugate. Hence the 
O on EFhb diameter is ± given O. Now see p. 78, Ex. 7. 

Ex. 18. For UVW (see p. 76) is self-conjugate w. r. to the 
O, i.e. the O is the polar O of UVW. Hence the centre 
of the O is the orthocentre of UVW. 

Ex. 14. The O on PQ as diameter is 1 given O (centre 
0, radius r), .-. if C bisects PQ, OC^^ CP^ + r*. Hence 
fi^ OU^-f^ =^ OU^ + CP^-OC^ = CP^-CU^ 
= (CP+CU){CP-CU) = QU. UP. 

Ex. 16. The polar of B w. r. to the polar Oia CA; hence 
By C are conjugate pts. Hence the O on BC as diameter is 
i. polar O. So for the rest 

Ex. 16. Let the centre and radii of the O^ be A, B, C, D 
and a, &, c, d. Then we are given that AB^ = a* + h\ AC^ 
= a^-\-c^, BD^^h^-\^d\ CB^=-(? + d^ .\ AB^-AC^ = 
BB^ 'CD^, r. ABIBC. So for the rest. 
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Page 80. Ex. 1. The sum of the powers (viz. PA^ - a" 
+ PB 2 - 62) is const, if PA^ + PB^ is const. Now see p. 36, 
Ex.1. 

Ex. 2. Bj Che on the circumcircle and E, Fon the N.P.G. 
Also PB.PC= PE.PF, since 5, C, JS?, F are concyclic. 
Hence P(and so Q, B) lies on the r. a. 

Ex. 8. (i) Let the 0> BCA% GAB' meet again at 0. Then 
lAOB^^W -BOC" AOC = %^ '(\^(f - A')-(lS(f "B') 

- il' + jy = 120° = 180" - C\ Hence O ABC also passes 
through 0. 

(ii) Join to A, B, C, A\ Bf, C\ Then LAOC^ COA' 

- 120^+ CB^'« 180°, .-. A, 0, A' are coUinear; so BB", 
CC pass through 0. Now consider the A' AGA' and B'GB] 
then AC^B^G, CA' ^ CB and LACA' = C+60° = BTCB. 
Hence AA' ^ BB\ = CG' similarly. 
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(ill) Let the centres of the O' BGA% GABf^ ABO' be 
Oi, Oj, Oj. Then OiO^ ± 00 and 0^0^ ± OA, .-. ZO1O2O3 
- 180° - COil = 60°. So for the other angles. 

Ex. 4. See the figure on p. 16. CX^s-c^BXi. 
Honoe J.^ bisects XX^, Hence the tangents from il^ to i 
and ii are equal. Hence A' is on the r. a. of « and %i» The 
r. a. is ± III, i'®« ^ toabisector of BAC, i.e. ± to a bisector 
of the II angle B^A'C\ i.e. coincides with a bisector of 
BfA'Q'. 

Again, BX^ = 5 - a — GX^. Hence A'X^ «= A'X^ . Hence 
the r. a. of t2) H passes through A\ Also this r. a. is X I^I^ 
i.e. II ul/i, ie. II to the other bisector of B'A'C\ 

Page 81. Ex. 1. Gall the fixed pts. A, B. Let two such 
O^, one fixed and the other variable, cut the fixed O in 
P', Q' and P, Q. Then the r. a.« P^, J^, ^^ concur ; 
i.e. PQ passes through the fixed inf* of P'^ and AB. 

Ex. 2. Let the pts. Ai, A2 on £0, and B^ B^ on CLl 
and Gi, G2 on il£ be such that AiA2BiB2f B1B2G1G2, 
Gi G2A1A2 lie on the circles c, a, h. Then the r. a. of c and 
a is J^i^s » A^<^ so on. Hence GA, ABy BG concur if a, &, c 
are all different. Suppose, then, that a and b coincide in d. 
Then BB1G1G2A1A1 lie on d. 

Ex. 8. Let the O^ be a, b, c, d. Consider a, b, c; then 
the r. a." (ab){bc)(ca) concur, in 2), say. Proceeding thus, 
we see that the quadrangle is ABGD, A being the int^ 
of (be, cdy db), and B of (cd), (da), (ac), and G of (06), (6(f), (da). 

Ex. 4. The O on BG as diameter passes through F; 
hence the power of H w. r. to it is HG. HF, So for the rest. 
Also HG.HF^ HA ,ED = HB,HK 

Ex. 6. Let the polars of P w. r. to the O^ a, 6, c meet at 
P'. Then P, P' are conjugate pts. w. r. to each O ; hence 
the O on PB' as diameter is X a, b, c. Hence P lies on this 
X O, i.e. on the radical O. 

Fi^re83. Ex. The difference, viz. (PA^-a'^-PB^ + b% 
is const, if PA^-PB^ is const. Now see p. 34, § 6. 
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P»g* 85. Bz. L This is practuAlly the same as p. 81, 
Ez.1. 

Bx. 2. (fi.BC+J^.CA + i^.AB+BC.CA.AB 

- {OA^-h). BC+ (OB'-^.CA + iOC^-Ki.AB 

+ BC.CA.AB [since O^^.^a = 05»-6« - ... - »] 

- OAK BC+ 0B» . CA . OC'.AB+BC. CA . AB 
-h{BC+CA + AB) - by p. 88, § 4. 

Ex. 8. OA^'^OL'+a'>OL^, .'. OA>OL. 

Ex. 4. Bisect one such tangent LThi P. Then PL = PT. 
Hence P has the same power w. r. to the pt.-0 L and the 
other O. Hence the locus of P is the r. a. of the system. 

Ex. 6. U and V are conjugate w. r. to the pt-O, L, 
Hence LU' is the polar of U, .-, Z ULU' - 90°. 

Ex. e. Let the 1« be PM, QN. Then PL^ - 2. PM.AL 
and QL^ = 2.QN.AL, .'. PL*. qL* = 4.PJf . «iir..<li2. 
Also P£ . XQ and J!Xr are known. 

Ex. 7. Let PP^ out the r. a. at X. Then Zi« - XP. XP' 

- XQ. Z^. Hence XL touches the O P£P' (and the O 
QLOOBkL. 

If the O* are on the same side of the r. a., Z PLQ ■■ XLQ 

- XLP = XQ^L - XP'L " P'LQ^. 

li on opposite sides (taking the pts. in the order P'PQQ^), 
L PLQ = PLX + XLQ = XP'L + XQ'L - 180' - P'i^. 

Ex. 8. Let PQ cut the r. a. at X Then XP => ZQ » XL, 
since X has the same power for each O. Hence PLQ is 
a semi-O. So for L'. 

Ttkg9 86. Ex. 1. For 

OL* "OX.OY" OX'. OY' - ... - OL'*. 

Ex. 2. The polars of L w. r. to Ci and e^ coincide. Hence 
PS is the polar. Let PS cut the | of centres l^y at N, and 
cut e^ again at 8'. Then 
LS^-LP* - NS'-NP* = (N8+NP){N8-NP) 

"S'P.PS-QP.PB. 

Tng* 87. Ex. This is the same as p. 81, § 2. 
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Tiuge 88. Ex. 1. For the centre of the 1 O has the same 
power w. r. to each O, viz. the square of its radius. 

Ex. 2. Let the r. a.^ meet at P. From P draw the tangents 
PT, PT' to any ©« of the two systems and the tangent PA to 
the common O. Then PT^^ PA=^ PT\ Hence the circle 
with centre at P and radius PA is ± all the O^ 

Page 90. Ex. 1. In § 11 it is proved that the O on CC 
as diameter is J. to the polar O* of ABC and A'B^C ; 
similarly it is 1 to the polar O^ of B^C'A, C'A'B. Also, 
by p. 69 Ex., it is L to the O circumscribing the h^ A. 
So the O on AA' as diameter is J. to these five O". Hence 
these five 0» are coaxal. Hence their centres are coUinear, 
viz. the orthocentres and the circumcentre of the h<^ A. 

Ex. 2. Project LMll to infinity. Then, since (AA\ LV) 
is h<^, V bisects AA' in the new figure ; so M.' bisects BPf 
and W bisects CG\ Hence V, M\ N' are collinear in the 
new figure and .*. in the old. 

Fi^r« 92. § 13. Ex. 1. Construct two 0< h and V of the 
system which is J. to the given system. Let c be the 
radical O of &, V and the given O, a. Then c, being X h and 
1)\ belongs to the original system and is also X a. 

Ex. 2. Let a be the given O. Take any two coaxals, 
Oi, C2, of the system, and let the radical O r of (a, Ci, c^ cut a 
at P and Q ; then r, being X c^ and C2, is X to each of the 
coaxals. Draw a coasal x through P. Then x, being X r 
which is X a, touches a. So Q gives another solution. 

Fi^re 92. § 14. Ex. 1. Through P draw a O ;er (with 
centre Z) such that the given | is the r. a. of the given O 
and z. Then, if X is the centre of the given O, PQ^ 
= 2PN. XZ, .-. XZ = ^PQ^/PN which is known. Hence 
Z is known. Hence the locus of P is the known O z. 

Ex.2. Let the centres of the O" be X^,X^jX^,X^. 
Then t^^ = 2PN. XjZ, t^^ = 2PN. X^Z, t^^ = 2PN. Z3Z, 
t^--2PN.X^Z. Hence i^H^ ^ t^t^ gives X^Z.X^Z 
« X3Z.Z4Z as the equation to determine Z, Now see 
p. 59, Ex. 1 (Z being 0). 
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Ex. 8. Let the 0<> ABC (with oentra X) and PQi2<with 
oentre Y) touch at T. Draw AN X the tangent at T (i. e. to 
the r. a.). Then AP^ = 2 AN. XJ. Again T is a limiting 
pt. Hence AT^ = 2-4^-. XT. Hence ^PV-^T^ = XF/XT, 
= 5^2 / 52^ == CB2 / 02^2 similarly. Hence AP/AT 
^BQ/BTr^CR/CT .-. AP.BC±BQ.CA±CR.AB^O, 
if j4T.^C±i9T.C!4±CT.il5 = 0; which is true by 
Ptolemy's theorem. 

Fi^^e 96. Ex. 1. Let the | of centres cut h again at Aj 
and let a and h intersect at B and D, Then, if we proceed 
from A to B, then from B io A, then from A to 2), and 
finally from D to A^ we get one such crossed quad., ABABA. 
Now move A continuously along h and, in any position, 
draw the tangents from J. to a, cutting h again at B and D. 
Then, by Poncelet's theorem, the other tangents to a from B 
and B will meet at A' (on 2»), so that ABA'B is a crossed 
quad. 

Ex. 2. Since L^ M, N, B sa^ the points of contact of the 
tangents AB, BC, CD, DA of the inner O, by p. 76, § 16 
the four internal diagonals of LMNR and ABCD concur 
(at 0, say) and the two external diagonals coincide (in Z, say). 
Since LMNB is inscribed in the inner O, I is the polar of 
w. r. to the inner O ; and similarly w. r. to the outer O, 
since ABCD is inscribed in the outer O. Hence has the 
same polar w. r. to both O^ and is .*. a limiting pt. of the 
O". Also it is the limiting pt. inside both O^, since AC, BD 
intersect inside the O*. Hence it is a fixed pt. Now the 
pt.-0, 0, and the inner O are coaxal with the outer O. 
Hence, by p. 92, § 14, DM :DO::AB:AO (for the tangent 
from D to the pt.-0, 0, is 2)0 ; so for AO). Hence BO 
bisects AOD; BO LO bisects AOB. Hence Z LOR = i (DO A 
+ ilO-B) = 90^ 

Page 97. Ex. 1. Let the ©b APP", AQQf cut again at B 
and let the G 452? cut -4P' at Z'. TlL&iPQ'.QR::P'qf i 
q[X' ; but P(i\(iR\ ; P'^ : CgK. Hence X' coincides with 
K ; and so on. 
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Ex. 2. Consider the pedal | of £ w. r. to the A APF^ ; it 
joins the proj™ of B on AP and AP'. Hence it is also the 
pedal I of £ w. r. to A(^j ABBT, ... . Also the proj>>« of B 
on PP', QQ^, SB", ... Ue on this pedal |. 
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Ex. 1. Let the centres he A, By C and the radii a, ^, c. 
Then, since C is on the r. a. of 1 and 2, (Ll^-a^ - CB^-b^ ; 
BoAB^-h^^AC^-c^, 

.-. BC^-BA^^ (M« + 62-a2-il(72 + c2-&8 = c2-a«. 
Hence the r. a. of 8 and 1 passes through B. 

Ex. 2. Let the O x, with centre X and radius x, cut the 
circle a with centre A and radius a at P, Q so that PQ is 
a diameter of x. Then AX ± PQ, since X bisects PQ; 
hence Xil« = ^P^-PX^ = a^-ic^. So for the 0« ft, €. 
HenceXil2-a2«XB2-62«XC2-c2= -aj2. HenceXhas 
the same power w. r. to a, b, c, i. e. X is the radical centre. 
Also this power (= -a^ia - . Hence the r. c. must be an 
internal pt. Conversely with the r. c. JB as centre and 
radius r ^ \^a^-BA^, describe a O r, cutting a at P, Q. 
Then AP^ ^ a^ ^ BA^ + BP^ .-. Z^JSP = 90°; so ABQ 
- 90°. Hence BPQ is a |, Le. PQ is a diameter of r. But 
r8 = a2-jBil2 = fc2.22J52, since B is the r. c. Hence 
r= ^/V-'BBK Hence r cuts b also at the ends of a 
diameter; so fore. 

Ex. 8. Let TP( = p) he the tangent from T to the Oa. 
Then p^ = TP^ = T^^-a^ - TA^-OA^ + lc, 
where is the int^ of the r. a. and line of centres and 

Hence ^.BC^q^.CA + v^.AB 

^(TA^'OA^ + h)BC'^... 
= TA^.BC+TB^.CA + TC^.AB-OAKBC 

"OB^.CA'OC^.AB 
+ k(BC+CA+AB)^ -BC.CA.AB + BC.CA.AB 
(by p. 33) = 0. 
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Ex. 4. If Pj P' are conjugate w. r. to the O a^ then the O 
(r with centre B) on PP' as diameter is ± a. Hence the 
pt. B has the power r^ w. r. to a ; and so w. r. to &, o, .... 
Hence B has the same power w. r. to each of the O^ ; i. e. the 
r. a.^ concur at B, 

Ex. 6. Bemembering that the pt.-OB £, M are O" of the 
system, and calling the centre of the given O Cj 

PA^'-PL^ ^ 2PN.CL ^CL ^ 2AN' . CL ^ AL^ 
PA^-PM^ 2PN.CM CM 2AN'.CM AM^' 
where PN and AN' are 1^ on the r. a. 

Ex. 6. The O is ± to the 0« a and & on AA' and BB" as 
diameters. Hence its centre lies on the r. a. of a and b. 

Ex. 7. Let the centre of the required O re be X ; then X 
lies on the r. a. of the O* a, b. Let XP be the radius of x 
which touches a ; then x^ = XP^ - XA^ - a^ - XO^ + OA^ 
- aK But OA^ - a^ is known and x is given ; hence OX and 
.*. X is known. 

Ex. 8. This is proved in the solution of p. 96, Ex. 2. 

Ex. 9. Let the O^ APP", AQQf meet again at J? ; and let 
the O ABB cut PP" at X\ Then (PP'y QQf, BX") is an in- 
volution ; and so is (PP', Q(^, BBT). Hence X' and Bf coincide, 
since each corresponds to i? in the involution determined 

hypp'.qqf. 

Ex. 10. Let the | cut the 0« at P, Q and B, 8. Let the 
tangent at P cut those at B, 8 Skt X, Y; let the tangent at 
Q cut those at B, 8 at Z, U. Then, by p. 92, § U, X, T, Z, 
Z7 lie on a G coaxal with the given G" if XP : XB : : YP : 
Y8::ZQ:JZB::UQ: U8. But if the acute angles at P 
and Q are equal to a and those at B and fif to y3, XP : 
X12 s= sin XBP : sin XP12 = sin ^3 : sin a ; and so for the 
rest. 

Ex. 11. By p. 97, Ex. 2, the proj^ of B on PP'y QQ^, BB", . . . 
are collinear. Here P and P^ coincide and so on. Hence 
the proj^B of B on the tangents at P, Q, B are collinear. 
Now see p. 26, § 14. 
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Ex. 12. Let the tangents be TP and TQ. Then Z TPQ « 
ABP = ABQ « TQP, .-. TP = T$. Hence the locus of T 
is the r. a. 

Ex. 18. As in the solution of p. 90^ Ex. 1, we prove that 
each of the 0> on AA', BB\ CC^ as diameter is ± to each 
of the polar 0» of ABC, A'B'C, B'C'A, G'A'B. Hence 
the two systems of O^ are ± coaxal systems. Hence the 
centres of the first system (viz. the centres of AA\ BB\ 
CC) lie on a I ± to the | on which lie the centres of the 
second system (viz. the orthocentres). 

Ex. 14. The given O is ± to the system of coaxal 0» 
through A, B. Hence its centre Z is on AB ; and if a; is 
its radius a^ = XA . XB, Hence A^ B are inverse w. r. 
to it. 

Ex. 16. Let Ay B be the given pts. and C the given pt. 
On the given O take any pt. P and let the O ABP cut the 
given O again at Q, Let PQj AB meet at B. Let BC cut 
the given O at Z, Y. Then BX.BY ^ BP .BQ = BA . BB. 
Hence A^ B, X, Y are concyclic ; i. e. ABX is the required O. 
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Page 100. Ex. 1. For Hi is the line of centres ; and 
BG is a transverse common tangent. 

Ex. 2. Let an isogonal | cut one O at P, Q and the other 
G at P', Q". Let the tangents at P, P' be PT, P^T ; then 
by hyp. Z TPQ == TP'Q^. First let the centres, A, BT, of the 
©s be on the same side of PP'. Let PP' cut the | of centres 
at 0, P being the pt. nearest 0. Then Z OP A = 90° + TPQ 
= 90° + TP'Cg = OP'B'. Hence the A* OPA and OPV are 
similar. Hence OAxOBf \\AP\BfP\ Hence is the 
external c. of a 

Now let -4., B' be on opposite sides of PP^. Then, as 
before, OAxOBf \ : AP\B^P\ but is between A and B!, 
Hence is the internal c. of s. 
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Bz. 8. Let PP* cut the line of centres {A, B^inO. Then, 
since AP || B'P', OA : OB' : : AP : HP'. Hence PP' panes 
through the external c. of &, iS ; so QQ' passes through 8. 
Simihtrly i^ and i^Q pasa through iS'. 

Ex. 4. In the figure of p. 99, draw A'N L AP. Then 

= (d+o-l>)(d-a+6) 

= (4^' -^BA- B'A') (AA' -AC+ A'C) ^BB'.CC 
where d = 4^', a = ^P, 6 = 4'P'. 
So if QQ' is a transverse common tangent, drawing A'N 

= (cl + a + 6)(cl-a-6) 

= {AA' + BA + A'CrKAA'-AC-B'A') = J5C. CB'. 

Fage 101. Ex. Drawing the figure of § 4, the diagonal 
SS' is divided Wy by Z, i'. 

Fage 102. Ex. 1. The O^ are homothetic w. r. to 8. 
Also the I through 8 corresponds to itself. Hence the poles 
of the I are corresponding homothetic pts. ; and hence are 
collinear with 8. 

Ex. 2. PP' = 8P' " SP -= k. SP'-SP ^ (k-l)8P; bo QQ^ 
= (A;- l)/8e and Tr =(*-!) OT. Also 8P . SQ = 87^. 

Ex. 8. The locus of B' is a G. Also CA = 2. OB'. 
Hence the locus of il is a O. 

Fage 108. Ex. 1. H is the external c. of s. of the O ABC 
and the N.RG. And Q, A' are on these Qs. Hence HQ : 
HA' : : B : n : : 2 : 1. 

Ex. 2. Let PQ be the diameter and Py q the pedal lines of 
P, Q. Then by p. 26, Ex. 4, p passes through the centre P' 
of HP and q through the centre Q^ of HQ where H is the 
orthocentre of the given A. Also the angle between p and 
q is the angle subtended by PQ at any pt. on th^ O, .*. 
plq. Hence if p, ^ meet at B, LP'BQ' » 90^ Again H 
is the external c. of s. of the given O and the N.P.C. 
Hence, since flP'= \HP, Hq[ ^ \HQ, P' and Q' are the 
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pis. on the N.P.C. corresponding to P and Q on the given O. 
Hence P(j[ is a diameter of the N.P.O. Hence R lies on 
the N.P.C., since ZP'JR^ = 90^. 

Page 104. Ex. 1. In the figure on p. 108, draw the 
tangents OT, OT to the 0« from the pt. on the O of s. 
Then OA \0A' -- a\a' =^ AT \ A'T. Hence the right- 
angled A> OAT and OA'T are similar. Hence OT : OT 
x\AT\A'r\xaxa' and ^LTOA^%LTOA'. 

Ex. 2. Let the given O^ meet at P and Q. Then Pi. 
: Pi.' ^a\a\ Hence P is on the O of s. So Q. Hence 
the three O* pass through P and Q. 

Ex. 8. Let the centres of the three O^ be ii, J?, C and 
the radii a, &, c. Let the O^ of s. of a, & and &, c meet at P 
and Q. Then PA : Pj5 = a: 6 and Pi5 : PC = 6 : c, .*. Pi. 
: PC - a : c. Hence P (and so Q) lies on the O of s. of c, a. 
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Ex. 1. Since Pg : Ci. : ilP :: P'e' : ^il' : il'P', the Ab Pgi., 
P'Q'il' are simikr. Hence LAl^^ AqV ^ A'r(g 
- A'q[^. Hence (since PQ || P'<n ^P ia || to ^'P' or il'«' ; 
say A^ II il'P', then Aq \ A'QT. Now see p. 100, Ex. 8. 

Ex. 2. Let PQ pass through 8', and let AP, BQ meet at 
Tr(at infinity). Let PB^ QA meet at X. Consider the 
quadrilateral XiiTTJ^Z. The diagonal ^^ is cut h^y by PQ 
and XW. But (AB, 88") is he. Hence ZTF passes through 
8'; and it is || PA, i.e. 1 PQ. Hence 8'X 1 PQ. Let it 
cut PQ at N. Then {N8'y XW) is he, .-. X bisects N8'. 

Ex. 8. ti^ - d2-(a-6)2, ^22« e22.(a+6)2, [p. 100, Ex. 4] 

Ex. 4. Let the common tangents touch one O at A, J9, 
C, Z> ; and, comparing with the figure on p. 76, arrange that 
Qof p. 76is/8and^isS'. Then S^l, CD, QQ^, BB' meet 
at 17 which is 2/' as in §4 of p. 101. So ^C, 5Z>, PP', C^ 
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meet at TT which is L. Lastly AD, BCj PP"^, ER meet at 
V which is at infinity in a direction JL SS\ 

Ex. 5. Let AP cut BC at P\ With A as homothetic 
centre and P, P' as corresponding pts.^ form the O, cf 
homothetic to the inscribed O, c. Then the tangents at P 
and P^ are t|, .*. </ touches BC» Also AB, AC, being the 
tangents to c from the homothetic centre, touch c^. Hence (/ 
is the O escribed to BC. 

Ex. 6. Let If m he any \^ through 8. Then the corre- 
sponding |b r, m' coincide with l, m. Now if 2, m are 
conjugate w. r. to c, then Vj m! are, by similarity, conjugate 
w. r. to df i.e. {, m are conjugate w. r. to c'. 
• Ex. 7. Since H is the external c. of & of the circumcircle 
and the N.P.C., it follows that if any | through B. cut these 
0"at$,^,thenZr««2.ZrQ', .-. ^bisects H^. 

Ex. 8. We know that J., P, (7 are the feet of the !• from 
I\i I29 1^ ^^ •^2-^89 -^s-^i^ Ii^2' Hence I is the orthocentre of 
Ji 72/3. Hence J is a c. of s. of the O^ I1I2IZ And ABC. 

Ex. 9. Let 8 and 8^ be the c^ of s. of the circles a, b. 
Then the O of s. of a, & is the O on 88^ as diameter which 
is J. to any O through Aj B since {88% AB) is h<^ and . *. X 
to the O ABC. So for the rest. 

Ex. 10. With the figure of p. 24, X and A' on the N.P.C. 
correspond to A and Q on the circumcircla Hence, since 
A'X is a diameter of the one, AQvrk diameter of the other, 
and .'. passes through 0. 

Ex. 11. Let HxjH^he the orthocentres of the A* A^BC, 
A^BC. Then A^H^^ ^20A' *> A^H^. Hence A^H^ « 
and II A2H2. Hence A^R^H^A^ is a ||>^. Hence A^H^ 
and ^2-^1 A^ bisected at the same pt ; and through this pt 
pass the two pedal j* by p. 26, Ex. 4. 

Also (as in Ex. 7) the N.P.C. of A^BC bisects HiA^ ; so 
for A^BC. 

Ex. 12. As in Ex. 2 of p. 18, 11^ « 2 JL. Hence the 
locus of Jx is a O homothetic with the drcumO, taking I 
as h. c. and 2 as h. r. ; so for I^ and J3. 
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Ex. 18. Sinoe BCjb given and the angle A, the locus of A 
is a O through B, C Also A'G--^A'A. Hence the 
locus of 6r is also a O. 



CHAPTER IX 

Page 107. Ex. OP^ = ki/OP, OP2 = k^/OPi, OP^ = h/ 
OPzy and so on, P, Pi, Pgj -Pa? ••• being coUinear. Hence 
OP2 = A. OP where k = k^/h , and OPg = Aj'/OP where kT = 
kjci/kz* Hence P2 generates a figure homothetic, and P3 
a figure inverse, to that generated by P. ^nd so on. 

Page 109. § 2. Ex. OP. OA^OQ. OB and OA . OA' 
^OB.OB", .-. OPiOQiiOBiOAiiOA'iOBf. Hence 
PQM'B, and so on. 

Page 109. § 3. Ex. 1. The A* OPq and OQfP" are 
similar. Hence pip' '.:PQ: Q'P'. 

Ex. 2. Suppose ABC to be inverted into the triangle 
A'ffC of given form; then the ratios A'Bf.B'C and 
BfC'.G'A' are given. But A'B' \BfG' wk.ABjOA.OB 
^k.BC/OB. OC: lAB. OC: BC. OA. Hence the ratio OC: OA 
is known, since AB and BC are given. Hence (p. 66) the 
locus of is a known O. So from B^C^i G'A' we get 
another O on which lies. Conversely, take at either of 
the intns Oi, Og of these ©•. Then the ratios A'Bf\B^C' 
and BX':&A' have the required values; hence A'B^C 
has the required form. 

Ex. 8. We have to show that the int^B 0^ and 0^ are 
inverse w. r. to the O ABC Let O3 be the inverse of 0^ 
w. r. to the O ABC Then (p. 65) AOx ' AO^ : : BO^ : BO^, 
i. e. O^A : Ogi? : : O^A lO^B. So O3C : O^A : : Oi C : Oi^l. 
Hence O3 is the other int^^ of the O^ ; i. e. O2 is O3. 

Page 110. Ex. 1. Inverting w. r. to J., the given O^ by 
c invert into the {^ h\ d ; the |" 2, m become the O* T, m' 
through A. Hence in the new figure V touches }>\ <f at P', 
qf, and w' touches 6', (^ at Bf, ST. Hence P'§' || BfS' by 
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symmetry. Hence in the given figure the O^ APQ, AB8 
touch at A. 

Ex. 2. Inverting w. r. to A, we have a | through B' 1 
the I G'jy, a I through C 1 the | B"!/ and a | through iX 
J- the I B^G\ Hence these \^ concur, at H^, say. Then in 
the given figure the three O* concur at A and H. 

Ex. 3. Invert w. r. to P. Then the O ABC inverts into 
a I ; hence A% B", C are collinear. But PL : BC^p: B'C 
where J) is the JL from P to the | A'B^C ; and so on. Hence 
we have to prove that B^C + G'A' + A'Bf = 0. 

Page 112. Ex. 1. Through draw the tangent OT to c. 
Then OT touches d at the pt. T\ inverse to T. Hence if 
C is the inverse of C, then OC. OC'=-OT. 0T\ Hence 
(JC'TT is cyclic, .-. LOC'T' = OTO = 90^ Hence C'T 
is the polar of w. r. to c'. 

Ex. 2. Invert w. r. to 0, Then the O^ invert into O^ 
and the int^ into the int^^ Now, in the new figure the 
r. a.8 AA\ BB^, CC concur. Hence in the given figure the 
O^ OAA\ OBB^, OCC^ have a second common pt. 

Ex. 3. Invert w. r. to any pt., 0, on the radical O, r. 
r inverts into a | ± to each of the new O^. Hence the new 
O^ have a common diameter, i.e. have their centres col- 
linear. 

Ex. 4. The polar, |>, of is a | through T (see Ex. 1) 1 
the line of synmietry, CG\ Hence its inverse, p% is a O 
through and T' with centre on CC. 

Ex. 6. Let c be a O' section of the cone. Then c', the 
inverse of c, is a O. Also c' lies on the cone ; for the inverse 
of the pt. P on c is a pt. P' on the cone and on c\ Hence (/ 
is a O' section of the cone. Also || sections of a cone 
are similar. Hence we get two systems of O' sections of 
the cone. These only coincide when the cone is right O'. 

Ex. e. Invert w. r. to an intn of the given 0« a, b. 
Then the variable O" a;, y touching at P invert into the O^ 
off ^ touching at P^ and touching the |8 a', b\ Then if the 
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Ob lie in the same angle, P^ lies on the bisector of this angle ; 
but if in different angles, P' lies on a' or b\ Hence the 
complete locus is a\ V and their bisectors. Hence in the 
given figure the locus is a, & and the O^ through which 
bisect the angle at between the O" a, &. 

Page 113. § 6. Ex. 1. Suppose we invert the O^ c^, C2 
with radii r^rg into O* with radii if^^y^* Then /j 
= Ati / (di^ - n^), /g = A;r2 / [d^ - r^. Now rj, r^, r'j, r'g are 
known ; hence the ratio [d^ - r^) : (c?^^ " ^2^) ^s known, i.e. 
the ratio of the powers of w. r. to the two given O^ is 
known. Hence lies on a known O by p. 92. Conversely 
taking anywhere on this O, determine A; from /i 
= Ati (d^ - T^) ; then by the method of obtaining 0, we 
shall also have 1^2 = ^1 1 W ~ ^2^)* 

Ex. 2. As above r'l = /g if n/(^i^-^i^) = r^/W^r^^ 
which gives (^i^ - rj^) : (^^2^ - ^2^). Hence as above may 
have any position on a certain O and To may have any 
value. 

Ex. 8. As in Ex. 1, /j = hr^ / (d^^ - r^^) and r'g = kr.J 
(d./ - rg^) give a O on which must Ue. So /g = ^2/ (^2^ " ^2^) 
and r^^^kr^/ (d^ - rg^) give another O on which must lie. 
Now take as either int° of these 0> and determine Tc from 
r\ = ATg (dfg^ - r^). Then from the properties of the above 
O*, r\ and /g have the required values. 

Ex. 4. As in Ex. 2, r'l = ^2 ^^ lies on a certain O. So 
^2 *= '"'s if -^^s on another O. Hence if we take as 
either int^ of these 0«, we have r'l = r\ — r'g, whatever 
value be given to k. 

Page 113. § 7. Ex. 1. We know that A, 2> are inverse 
pts. w. r. to the polar O ; and so on. Hence if we invert 
w. r. to the polar O, A, B, C invert into 2>, E, F. Hence 
the O ABC inverts into the O DEF w. r. to the polar O. 
Hence the circumO, the N.P.G. and the polar O are 
coaxal. 

Ex. 2. If OL cuts BC at A'y then A' bisects BC. Also A\ 
L are inverse w. r. to the O ABC ; and so on. Hence the 
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0« LMNy A'B'C are inverse w. r. to the O ABC) i.e. the 
O LMN is coaxal with the N.P.C. and the circumO. 

Fage 114. Ex. 1. Suppose the O xia ± O a and touches 
O h. Invert w. r. to a. Then a and x invert into them- 
selves. Also b inverts into b\ But x touches &, .*. x 
touches b\ 

Ex. 2. Let the O a;, ± to the given O^ a and b, cut the r. a. 
of a,b in and (/. Draw the equal tangents OT, OT to 
a, b ; and invert w. r. to the O with centre and radius OT. 
Then a, b invert into themselves. Also x inverts into a | of 
i. to a and b, L e. into the common diameter ABCD, Hence 
A^ which lies on x and a inverts into A or B which lie on a/ 
and a ; and so on. Hence for some order of A, B, C, D, 
AA% BB^y CC\ Diy concur at ; and so for (/. 

Ex. 3. Invert w. r. to the radical O of the three 0> a, bf c. 
Then the O Xy touching ct, b, c, inverts into the O x^y 
touching a\ V, <fy i.a touching a, b, c. 

Fage 115. Ex. Let ^ be one of the int^s of the Qs a, b. 
Then the O" of inversion s, ^ have 8y 8' as centres and 8E 
and 8^E as radii. Invert w. r. to s. Then a inverts into b 
and b into a whilst s inverts into itself. Hence s makes the 
same angle at E with a and b. In exactly the same way, / 
also makes the same angle with a and b. Hence s and s' 
bisect the angles between a and b and are .*. ±. 

Fage 116. § 10. Ex. Let the tangents be 2!P, TQ to a 
and TL\ T2/C to a\ Take P% either inverse pt. of P, on a\ 
Then the tangents at P and P' meet on the r. a. Hence P' 
is either L^ or M\ And so on. 

Fage 116. § 11. Ex. 1. Let the pts. of contact of x with 
a, & be P, Q. Then PQ passes through a c. of s., 8, say. 
From 8 draw the tangent 8T to x. Then the O with centre 
8 and radius 8Tia JL x. Also this O is a O of inversion of 
a, bf since /SP. 8Q « 8T% and hence is coaxal with a, b. 

Ex. 2. Let c and d be touched by a at F, P' and by b at 
Q, Q^ Then we are given that PP' and QQ' pass through 

D 2 
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the same c. of s., Sy of c and d. Let PQ, P'(^ meet at Z7. 
Then c and d touch a, & in the aame manner if £7 is a c. of b. 
of a and b. Invert w. r. to Ut taking Pand Q as inverse pts. ; 
then, since PF'QC^ is cyclic, UP.UQ^ UP' . UQf, .-. i>', Qf 
are also inverse pts. Also c and cJ invert into themselves ; 
for Tc = UP. UQ = C7P'. UQ". Again a inverts into a O 
touching c at the pt. inverse to P, i.e. at Q, and touching c2, 
similarly, at Q^; i. e. a inverts into h. Hence CT is a c of s. 
of a, h. Also /S^ is on the r. a. of a and h since iSP. SP' 
« 8Q . /S^Q'. So 27 is on the r. a. of c and d. 

Fage 117. Ex. 1. Let the limiting pts. be L, M. On 
LM take any pt. and invert w. r. to taking k « OL . OM; 
then Z, ilf invert into one another. Also Z, M invert into 
the limiting pts. Hence the limiting pts. Z, M invert into 
the limiting pts. M, L. Hence the coaxal system inverts 
into a coaxal system having the same limiting pts., i. e. 
into itself. 

Ex. 2. Let the O^ x^ y through A touch the O h and cut 
at a given angle and meet again at P. Invert w. r. to A. 
Then P' is the int^ of tangents a?', y' to a given O V which 
meet at a given angle. Hence the locus of P' is a O, c\ 
concentric with h\ Hence the locus of P is a O, c, such 
that J. is a limiting pt. of h and c, 

Fage 118. Ex. I. Let the variable O x touch the O* a, & 
in the same way and cut the coaxal O c. Invert w. r. to 
a limiting pt., i, of a, 6, c. Then the O* a', V, c' are con- 
centric. Also the various positions of ixf can be obtained 
by rotating of about the conmion centre. Hence (xf in all 
its positions cuts c' at the same angle. Hence x in all its 
positions cuts c at the same angle. Also of is everywhere ± 
to a concentric O. Hence x is ever3rwhere J. to a coaxal O. 

Ex. 2. From X, the centre of the O a;, draw XN L the 
r. a. ; and let Y be an int^ of x and the r. a. Then since 
the r. a. is the limit of a coaxal, x cuts the r. a. at a const, 
angle, ^ say ; hence XYN^ 90° -<^. But XN/XY 
= sin XYN = cos</) ; hence XYo: XN. 
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Page 119. Ex. 1. Let the O c pass through the pts. 
P, Q which are inverse pts. on er, b. Invert with respect 
to any pt. on c. Then c becomes a | </, and P^y Q^ become 
inverse pts. on the 0« a\ b\ Hence P^(/ passes through 
a c. of s. of a% b\ and hence cuts a% V at the same angle. 
Hence c cuts a, b at the same angle. Conversely, if c 
cuts Oy & at the same angle, the line P^Qf cuts .a\ b' at 
the same angle. Hence P^Q' passes through a c of s. of a% 
V by p. 100, Ex. 2. Hence, choosing ()[ properly, P', Q' are 
inverse pts. on a\ b\ Hence P, Q are inverse pts. on a, b. 

Ex. 2. Let the Qb be c^, c^y C3, c^. Let c^, c^ cut at 0, ii. 
Invert w. r. to 0. Then (/j, c^^sxe 1 |», il'X', ilT', say. 
Also C3, C4 invert into X O^ which are ± to e'l and c'g. 
Hence 4' is the centre of c\ and of (f^. Hence if /g, /^ are 
the radii of c'g, (^4, then f^^^-^r^^ = cJ^ = ^'^'^ = 0. Let 
Pi be the inverse of P w. r. to Ci , P2 of Pj w. r. to Cg, P3 
of Pg w. r. to C3 and P4 of P3 w. r. to c^. Then P'j is the 
reflexion of P' in c'l, P'^ is the reflexion P\ in c'g, P'3 is 
the inverse of P'g w. r. to cf^ and P'4 of P'3 w. r. to c'4. 
Now P', JL', P'a are collinear; for LP^A'P" = 2r^'P'i 
+ 2F^A'X'^ 2 r^'Z' = 180° Hence P', J.', P'a, P'3, P'4 
lie on the same |. Again il'P'3 . ^'P'a = rV = -r'*^ 
= - A'P"^ . A'P\ ; . •. A'P"^ - - A'r^ = il'P'. Hence P'4 
coincides with P^. Hence P4 coincides with P ; and hence 
the figure f^ generated by P4 coincides with the figure / 
generated by P. 

Page 120. § 15. Ex. 1. Let B bisect AC. Invert w. r. 
to on -4.0. Now if J is the pt. at infinity on AC, 
(^C,PI)ishc, .-.(^'C-BTOishc. But/'isO, .\(OB^,A'C') 
is h®. 

Ex. 2. Let the | I through A cut the O^i?, ^, r, s through 
A at P, Q, B, S. Invert w. r. to A, Then p, q, r, 8 invert 
into 1* y, g', /, s' through P'. Now y, g', /, 5' meet at the 
same angles as p, q, r, s and hence form a h^^ pencil. I in- 
verts into itself. Hence PQB8 inverts into the section 
P'Q'BfS' of the he penca {p'qVs') by I Hence (P^QfBfS') 
is he, .-. (PQB/S)ishc. 
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Ex. 1. Taking within ABC, we have 

IBOC = OBA + OAB + OCA + OAC 

^OAB+OAC+OA'B'+OA'C' = A^A\ 
So for B and 0. Similarly for other positions of 0. 

If the angles A, B, C, A\ B^, C are given, we are given 
/.BOC and COA. Hence is the other int<^ of the arcs on 
BC containing the given angle BOC and on OA containing 
the given angle CO A. 

Conversely with the pt. so determined, invert ABC 
into P'Q^B'. Then by hyp. jLBOC ^A + A', .\ OBA + OAB 
-hOCA + OAC^-A + A', .'. OBA + OCA^A\ Also OBA 
+ OCA:^OP'Q^+OF'B^ = P", .'. P' = A'; so Q' = ^, 
E' = C\ 

Ex. 2. Invert BCD w. r. to A into B'C'jy and ACD w. r. 
to B into A^'C'ir. Then 

B^C =^h.BC/AB.AC, Ciy '-h.CD/AC.AD, 
.\ BfC'IC'iy = BC. AD/CB.AB ; and so on. 
.-. B'C':C'iy:iyB'::BC.AD:Cl).AB:DB.AC. 
So G''D''iirA'':A''C''\:CD.ABiDA,BCiAC.BD, 
.'. B'C : C'2>' : Z>'^ : : ZT^^ : CD'' : A'CT. 
Hence the A^ B^G'If and D^A^C are similar ; and so on. 

Ex. 3. Let be the pi and ABC. the polygon. Invert 
w. r. to 0. Then A'j Bf, C, .•• w^ collinear. Hence (see 
p. Ill, Ex. 3) 

AB BC A'B' BfC 

+ + ... = —7- + T + ... = 0. 

Ex. 4. Invert w. r. to -4. Then the | BTC 1 D^E' and 
BTD^ ± C'jE;'. Hence Bf is the orthocentre of A C'VU. 
Hence ^jB' 1 C'Dt. Hence in the given figure ABB 

Ex. 5. Invert w. r. to the common pt. and we get three |*. 
Four O* can be drawn to touch these |b. Hence four 0« can 
be drawn to touch the given O^. 

Ex. 6. By p. 104, the two pts. are the int^^s Z, Y of the 
three O^ of s. of the given 0« Ci, Cg, Cg. Let -4, B be the 
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intn« of Ci, Cg ; and C, 2> of Cg, Cg. Then the O of s. (1, 2) of 
Ci,C2 passes through A, B; so (2, 8) passes through C, D. 
Hence if AB^ CD meet at E, then 22 is on the r. a. XY of 
(1, 2) and (2, 3) since RA.RB^RC RD from c^. Also 
RX.RY^RA. RB from (1, 2). But R is the centre and 
RA *RB the square of the radius of the radical O. Hence 
Xf Y are inverse w. r. to the radical O. 

Ex. ?• For if we invert w. r. to 8y the O of s. inverts into 
a I which is still coaxal with the O^. 

Ex. 8. Let CD pass through 8. Invert w. r. to 8, taking 
Cf D SiB inverse pts. Then the O" invert into themselves, 
Ay B inverting into Ay B. Hence A^ SBC and SDB are 
similar. Uence BC : BD :: SB : 8D. So AC:AD;iSA:SDy 
.'. BC : CA ::BD: DA, since SB = SA. 

Ex. 9. Invert w. r. to a limiting pt. of the O and the |. 
Then the O and the | become concentric O^ Hence the 
variable O will touch a fixed concentric O. Hence in the 
given figure the variable O wiU touch a fixed coaxal. 

Ex. 10. C3 is the inverse of Ci w. r. to C2 ; hence Ci, C2, C3 are 
coaxal. Invert w. r. to a limiting pt. Then we get three 
concentric O^ with radii a, b, c, say. Since 0^3 is the inverse 
of c\ w. r. to c'2, we have b^ « ac (for OB^ « OA . OC) ; so 
c^ = oft, .*. b^c? = aHCj .*. a^ = be, .*. c'2 is the inverse of c'3 
w. r. to cfi* Hence c^ is the inverse of 63 w. r. to Ci. 

Ex. 11. Invert w. r. to L, Then the O" become con- 
centric, and O LPQ becomes a | touching one O at P^ and 
cutting the other at Qf. Hence P'^ is const. But F'Q" 
= k. FQ/LP. LQ, .-. LP. LQ/PQ is const. 

Ex. 12. By p. 119, Ex. 1, if the pts. are P, Q and P', Q', 
PC, qP' pass through S and PP\ QQ' through S\ 

Ex. 13. Invert Ci and c^ w. r. to one of their int»«. Then 
c'l and c'2 are ± |«. Hence P\ is the reflexion of P' in </i and 
P'2 is the reflexion P' in c'g. Now obviously the reflexion 
of P^i in c'2 is the same as the reflexion of P^2 ^^ ^\* 
Hence in the given figure the inverse of fi w. r. to C2 and of 
/a w. r. to Ci coincide. 
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Ex. 14. Invert w. r. to 0. Then the O^ become equal 
O" through A\ B^. Hence A'B^ bisects the angles between 
the Ok Hence in the original figure the O OAB bisects 
the angles between the 0«. 

Ex. 15. Invert w. r. to 0. Then we get the | Z'FZ' 
cutting the |» ^C, C'A', A'B' at X\ Y% Z', 

Hence C'X' . BfZf . A'T = - X'B" . Z'A' . TC\ 

But C'T = Ic . CX/OC. OX, and so on. 

Hence CX.BZ.AT-- -XB.ZA.YC. 

Ex. 16. Invert w. r. to 0. Then inverts into the pt r 
at infinity on P'^. Hence (/'iT, P'Q') is h« .'. Bf bisects 
the common tangent P^Q^. Hence B^ lies on the r. a. 
Hence the locus of B is the O through 0, coaxal with the 
given O". 

Ex. 17. Invert w. r. to any pt. on the JL O, r. Then r 
becomes the common diameter of a\ h\ c\ Obviously the 
O coaxal with a% V through P' touches </. Hence the G 
coaxal with a, h through P touches c 

Ex. 18. Invert w. r. to A. Then the given O^ &, c invert 
into the || |" V, d, outside which A lies ; the variable O x 
becomes a^, a O touching V^ d ; the inverse of il w. r. to re 
becomes the centre of of. Now the locus of the centre of 
of i&9k\d' half-way between V and c^ Hence the locus of 
the inverse of J. is a O e2 touching h, c at A. Let the ± from 
A to b\ c\ dl cut them at ^, G\ iX. Then 2/cJ = 1/6 + 1/c 
if 2 Aiy = ABf + 4C' (by p. 110) ; and this is true. 

Ex. 19. Invert w. r. to an int^ of the given O* a, 6. Then 
the variable O" a?, y become O^ of, yf touching the j* a', V in 
the same angle. Hence the locus of the limiting pts. is a 
bisector of the |^ Hence in the given figure the locus is 
the two O^ coaxal with the given O^ and bisecting the 
angles between them. 

Ex. 20. Invert w. r. to A. Then c^, c<i becomes |b, and c^ 
becomes a O with its centre at the inf^ of the \\ Hence 
the 1 8 BG and BfG' are ||. Hence in the given figure the 
08 ABG, ABfG' touch at A. 
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Page 122. Ex. OC \\ BB" since AC: CB'iiAOiOB, and 
OCT II AA' since A'C'iCTBiiAOiOB. But A A' jj BB" 
since the X* from B and J^on ilil^ are equal. Hence OCG^ 
is a |. Now is a fixed pt., and C moves on a fixed O 
through since CD = OB. Hence C will move on the 
inverse of the locus of C, Le. on a |, if OC . OC is 
const But OCiBB'iiAOiAB and OC : AA' : : BO i BA. 
Hence OC. OC is const if AA' . BBf is const Now since 
Z ABA' = AB^A', ABB^A' is cyclic. Hence, by Ptolemy's 
theorem, AB . BfA' + AA' . BB^ = BA' . B'A. Hence 
AA' . BB^ is const 

Page 124. Ex. 1. Since the order is not ACBD, 
AD . BC+ AC. BB> AB . CD. 

Ex. 2. AB. PC+ AC . PB -- AP. BC, .'. PC+PB^ PA. 

Ex.3. Invert w. r. to A. Then AP^k/AP'; BC 
= JcB'C/AB' . AC, and so on. Hence 

(^/P'A^ . (Jsl^B'CVB'AK CA^) 
= {k^ P'B'yP'A^ .B'A^). (7fi/CA^) 

+ (k^P'CVP'AK CA^.ikyB'A^ 
.'. B'C^ = P'B'^ + P'C'. Hence the locus of P' is the 
O through J5', C 1 B'C. Hence the locus of P is the O 
through B,CL the O ABC. 

Page 126. Ex. Inverfc w. r. to the polar O. Then the 
O on AH as diameter becomes the | through the inverse 
of A (Le. through D) L HA, i.e. becomes BC] so for 
BH, CH. Hence the four touching O^ become the inscribed 
and escribed O^ of ABC. But these touch the O DEF. 
Hence in the given figure the four O^ touch the O ABC. 

Page 127. § 5. Ex. 1. As in the text, 

= ^JB2 + 212ri + 2ri2+ii22 + /:,2^JB2-2jBri = 2ri2 + p2. 

Ex. 2. Since IN(= iE>^^) is known and /is fixed, the 
locus of iV is a O. 
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Page 127. § 6. Ex. 1. To describe a O through A to 
touch the O h and to be ± O c, invert w. r. to A. Then we 
want a I 0^ to touch V and to be i. (/ ; i.e. we have to draw 
a tangent to V from the centre of cf. Inverting back, we 
get two solutions. 

Ex. 2. To describe a O to touch the \l sX A and to touch 
the O &, invert w. r. to A, Then we want to draw a | 1| to Z 
to touch the O h\ Hence, inverting back, we get two 
solutions. 

Page 129. Ex. 1. To describe a O a; to touch the 0< a, h 
and to be L the O c, invert w. r. to c. Then x and c invert 
into themselves and a inverts into a\ Hence x touches 
a, 2>, a\ Also of the eight Q^ which touch a, a\ h, we see 
by § 8 that half will be ± to « (i. e. c). Hence there are four 
solutions. 

Ex. 2. If the O a; is isogonal to the 0> a, h, it passes 
(p. 119) through a pair of inverse pts. on the 0>, i.e. is i. to 
a O of s. of a, 6, say, s. So a; is ± to a O of s, of &, c, say, st. 
Hence xva L s and /, and .*. belongs to the coaxal system 
i. s and ^, 

Ex. 3. Suppose the O x, with centre X, cuts the O a, 
with centre A, at the end of the diameter MN of a. Then 
AX 1 MN, since MA = ^JV. Hence XM^ = XA^JtAM\ 
.-. Z^2^a;-2-o2; so X-B^ = a:^-^^ .-. XA^ - XB^ =^h^ - d^ 
and is known. Hence X lies on a certain | (see p. 34). So X 
lies on another | ; and hence is known. Then x^ = XA^ + a^ 
and is known. 

Conversely, describe a O with the centre X, so deter- 
mined and with radius x = '•XJ.^ + a^; and let it cut a 
at M, K Then x^ = XM^^ = XA^ -^^ a^ -= XA^ -¥ AM^ ; 
.'. LXAM = 90°, = X^iV^ similarly. Hence MN passes 
through^!. But, by the first |, XB^^XA^^a^-h^^-x^-}^, 
,\ 7^ — XB^ + &^. Hence the same is true for the O h ; and 
similarly for the O c. 

Page 130. Ex. First consider three O^ Ci, Cg, O3 ; let i^ be 
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a common tangent of Ci, c^ and ^2 of O29 C3. Then ^iV^i^s ^ 
unaltered by inyersion ; and so is i^lr^r^ . Hence i\rJt^T^ 
is unaltered by inversion whatever value r^ haa Now make 

^3 = 0. 

Page 131. Ex. We can take the pt. as a O 4 of zero 
radius. Then 12.84 + 14. 28+13 .24 = gives 

12.^3 + 28.^i±18.^2 = 0- 

End of Chapter X 

Ex. 1. Invert w. r. to A, Then AB » Jz/AV and 

BB =« k . B'lf/AB^ . Aiy ; and so on. Hence we have to 

prove that for the coUinear pts. Bf, G\ D'j 

(h . B^B'IABf . Ajy) . {k . C If I AG' . AJf) . (h.B'C'/A . '. AC) 

+ (k/AD') . {k . ViyiAB! . Alf) . (k/AB') 

= (k . SG'IAV . AG') . {k/AG') . {k/AB') 

+ (k G'ly/AG' . Alf) . (k/AB^ . (k/AC) = 0, 
or dividing by 1^ and multiplying by 

AB^^ . AC'^ . Aiy% 
that 

B^iy. G'ly.B'G' + B'iy.AC'^ = B'G'.AI/^-^-G'I/. Aff% 

or 

JB'^^. C^i/ + G'A^ . Zyj^ + 2/^2 . j^c^^ + 0/2/ . jfBf.B^C = 0. 

Now see p. 88. 

Ex. 2. / is the orthocentre of 1^1. jj.^. Hence the O ABG 
is the N.P.G of each of the A* llxl^, H^hi ^h^u Iihh- 

Ex. d. We have seen (p. 127, Ex. 2) that the locus of ^ is 
a O. Now is fixed and OH =2. ON. Hence the locus 
ofiTisaO. 

Ex. 4. A O touches ii, tg at P, Q; hence P, Q are inverse 
pts. on the O^ ii , %• Hence PQ passes through the external 
c. of s. of ii and i^ which is the int» of Ji J2 with the common 
tangent AB. 

Ex.6. By p. 130, {12)^ :{V2y::rir^:r'ir'^::ht^:fif2 
(by similar A») : : A^^/^j^g '-fif^''^^' ^'\^i^ 
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Ex. 6. To describe a O to pass through A and to touch 
the O h and to have its centre on the | {, take A^ the re- 
flexion of J. in 2 and describe a O (p. 127) to pass through 
A, A' and to touch 6. 
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Page 135. Ex. 1. Let D bisect the supplementary arc 
AB. Then AF .BB^B:P . AD ^ AB .FB. Hence AB 
+ J9P = AB .PD/BB and is greatest when PD is greatest, 
L e. when PB is CB, L e. when P is at C 

Ex. 2. Let the polygon be ABCB .... liAB^BC take 
B" bisecting the arc ABC. Then AB^ + B^C> AB + BCy 
.-. AB'-^-B'C+CB'^ ... > AB + BC+CB+ .... In this 
way the polygon can be increased in perimeter by making 
two consecutive sides equal unless all the sides are equal. 
Hence the perimeter is greatest when all the sides are equal. 

Page 136. Ex. 1. With the figure on p. 135, we want 
PP" of given length, 2 1, i. e. (/N of length I Hence, with 
0' as centre and I as radius, describe a O to cut again, at N, 
the O on OC as diameter. Through A draw PP" \\ (/N. 
Let ON (which is ± JV^O' and /. ± PP^ meet PP" at M. 
Draw ffM' 1 PP". Then, as in the text, PP' = 2 . (yJV= 2 «. 

Ex. 2. Draw (in the figure on p. 136) BR 1 PP\ Then 
liBPP' ^^BB.PP". Now PP' is greatest when PP' 1100', 
]. e. X AB, Then BB coincides with BA ; and this is the 
greatest value of BBy for BR < AB unless R coincides 
with A. 

Ex. d. Suppose that PQ, QJR, RP have to pass through 
the fixed pts. 0, A, B. Then, since the form of PQR is 
given, the angles P and Q are known ; hence P and Q lie 
on known O^ passing through 0. Hence PQ is greatest 
when PQ is || the | of centres 0, (/ of these arcs. Hence 
(since the triangles such as PQR are all similar) the area of 
A PQR is greatest when PQ is || OO". 

Ex. 4. By Ex. 1 we construct PQ of given size. 
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Page 137. Ex. 1. Take the A JP^^ which is of right 
shape and of right area. Obtain the pi 0' as the other int^ of 
arcs on P'Q^ and Q'Sf containing angles 180° - C and 180° - A. 
Then, in the figure on p. 136, we want OP « (XP' ; hence with 
as centre we describe a circle with O'P' as radius. This 
gives two possible positions of P. Taking P at either of 
these pts., we can construct Q and E, since the angles 
OPQ and OPE are known. 

Ex. 2. If P=A,Q==B,E = a then lAOB = C^B 
= 20; and so on. Hence is the circumcentre ; for the 
circumcentre is also the other int^ of arcs described on 
AB, BG inwards containing angles 2(7 and 2 A. 

Page 138. Ex. 1. Take any pt. P on {. Then 
BP'-AP=^BP'A'P< A'B< QB-QA' <QB-QA. 

Ex. 2. Let PQE be inscribed in ABG, so that P is on BC, 
Q on CA, E on AB» If PQy EQ are not equally inclined to 
CA, take Qf on CA such that PQ\ EQ[ are equally inclined. 
Then PQf ^QfE < PQ+QE, .-. J^ + C'i? + 2?P< i^+QJ» 
+ J?P. Hence, unless BC^fiA, AB bisect externally the 
angles P, Q, E, we can decrease the perimeter of PQE, Hence 
the A PQE of least perimeter has its angles so bisected. 
Now see p. 22, Ex. 1. 

Ex. d. For, if not, we can, as in Ex. 2, decrease the 
perimeter by making two of the unequal angles equal 

Ex. 4. Let P, Q, 12 be three consecutive vertices ; and let 
Q move, all the other vertices remaining fixed. Then as Q 
moves, the only part of the area which alters is PEQ. 
Hence PEQ is const Honce the locus of Q is a | || PR. 
Hence PQ-\-QE i& least when PQ, EQ make equal angles 
with the locus, i. e. with PE ; i. e. when PQ = QE. Hence, 
unless the polygon is equilateral, we can decrease the 
perimeter by making two consecutive unequal sides equal. 
Hence the perimeter is least when the polygon is equilateral. 

Page 139. Ex. 1. Let PQ, QE be consecutive sides 
which are not equal. Take Qf such that 

PQ + QiJ = P(2' + Q'E where PQ' = Q'E, 
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Then area FQ^E> area PQB. Hence the area of the 
polygon . . . PQfE ... > ... PQE .... Hence if two consecutive 
sides are not equal we can increase the area by making 
these equal Hence the equilateinl polygon has the greatest 
area. 

Ex. 2. For clearness consider a square ABCD and a 
regular pentagon A'S^C'IfE^ of the same perimeter. Then 
we may consider the square to be an irregular pentagon 
with zero side BE. Hence area A'BfC'BfH > area ABODE 
> area ABCD. 

So other cases may be dealt with. 

Ex. 8. Given the base BC and the angle A, the locus of 
A is an arc of a O. From A draw AN L BC* Then the 
area is greatest when ^JV^ is greatest, i. e. when A bisects 
the arc, i. e. when AB ^ AC. 

Ex. 4. If two consecutive sides PQ, QB are unequal, we 
can (as in Ex. 8) increase the area BQB and .*. the area of 
the polygon by taking Qf for QiiQf bisects the arc PQB. 

Page 141. Ex. For brevity take a pentagon ABCDE. 
Let A'SC'DfE' be the regular cyclic pentagon with the 
same area. We have to show that AB-\^BC->r ... +£A 
>A'B^^BfC'^ ... +JS7'i4'. Take the regular pentagon 
A^BTCDfE" with the same perimeter as ABGDE ; so that 
AB-^ ... « A''Br^ ... . Then by § 8, end, area A''Brcr ... 
>Kt&6kABG .... But area ilJ9C.. » area^l^J^C^ ..., .*. area 
A''BrC'' ... > SLves^A'B'C' .... But ^-'JTC^ ... and A'B'C... 
are similar figures, .'. A^B^^ ... > A'Bf ^ ... . But A''Br 
+ ... ^AB^ ..., ..AB^BC^ ... ^EA >A'Br^B:C'^ 
... +E'A\ 

Page 142. Ex. 1. Since FL + PN is const, PL^-^PN^ 
is least when PL^PN. So PJf^ + PK^ is least when 
PM'-PB. Hence Pi« + PJfa + ^JV^2 + PiP is least when 
PL - PM '^^ PN^ PB, I e. when P is at the centre of the 
square. 

Ex. 2. Let PL, PM, PN be the !<> from P on the sides 
BCj CA, AB of a A. First take PL const. Then P moves 
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on a II, Zr, to Ba Now PN = XP sin X x XP; so PM 
« PY. Hence PM .PNoo PX. PY; and this is greatest when 
PX = PY since PX+ PIT is given, i. e. when P lies on the 
median AA\ Hence unless P lies on AA% we can increase 
PL . PM . PN by taking P' on -4-4', keeping PL const. 
Hence when PL . Pitf . P^ is greatest, P must be on each 
median, i. e. at the centroid. 

Ex. 3. Let the 11°^ be OPBQ. Then the area, viz. OP. OQ 
sin 0, is greatest when OP. OQ is greatest. But the peri- 
meter is given, i. e. 0P+ OQ is given. Hence the area is 
greatest when OP = OQ, I e. when the ||™ is equilateral. 

Ex. 4. We have seen in Ex. 8 that if the ||™ is not 
equilateral we can increase the area by making it so. Now 
draw QX 1 OP Then area = QX.OPkOQ. OP < OP^ 
(since OP = OQ) ; i. e. less than the area of the square on 
0P\ i.e. less than the area of the square with the same 
perimeter. 

Bac 6. Area PQBB ^ PB. PQ sinB o: PB. PQ 
X (P4sin^/sin-B).(PCsinC/sin5) x PA . PC 
which is greatest when PA = PC since PA -f PC is const 

Ex. 6. Let P' be the position of P when 8P « PT. Let 
QP cut S'r at P^ ; draw P^IT || OA. Then by Ex. 5, area 
OQ^P'B' > OQP^BT > OQPB. 

Ex. 7. Let the sides of the rectangle be x, y. Then we 
are given xy and we want a^ + y® least. But x^-\-y^ = 2xy 
+ (a? -y)^ and is least when a; = y ; i.e. in the case of a square. 

End of Chapter XI 

Ex. 1. With the figure of p. 136, we have MA : AM! 
given. In 0& take C so that OCiCffii MA : AM" ; then 
04 II OJf and . •. ± PP". Hence PP' must be drawn 1 CA. 

Ex. 2. With the figure of p. 186, since the A^ OQ^Bi and 
©^2^2 a^ similar, .-. Oft : Oi?i : : OQ2 : 0J»2 and ZftOJBi 
= Q2OB2. Hence Oft : Oft : : OB^ : OB^ and IQ^OQ^ 
= B1OB2. Hence the A» ft Oft and B^OB^ are similar, 
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.'. QiQ2--*iJ^2:-OC2--0*2:jQ««35^*3*Mmaarly. Hence 
QiQi' C2O3 • • BiR^iB^B^ ; and so on. 

Ex. 8. The meaning is that BC bisects the angle MLB 
externally^ and so on; i.e. that EL bisects it internally. 
Now IMLE = MGE since MCLE is cyclic 

-= BBE = BLE since BBLE is cyclic. 

Ex. 4. The direction of PQ being given, its length is 
given. Hence AP-k- QB has to be least. Complete the \\^ 
BQPC. Then C is a given pt., since BC is given in magni- 
tude and direction. Also QB » PC; hence AP+PC must 
be least. Hence A, P, G must be collinear. Hence AC 
cuts I in the required pt. P; and now Q is known. 

Ex. 5. Let the diagonals AC, BD cut at E. Lefc AE^x, 
BE ^yjCE-^ e, BE = u. Then 
area « ^xyBmE + ^yzwiE-^^mHrnE-^^uxAiiE 

« i(a? + ;er)(y + tt)sinJSJ = iilC.5Dsin^, 
which is greatest when sin E is greatest, i.e. when E — 90^ 

Ex. 6. Let OPQB be the \^. First, keeping the angle 
unchanged, take OP' = OJB' so that OP'^ = OP. OB, Then 
the area is imchanged; but OP-\^OB is decreased, for 
(OP' -^ OBfY ^i:OP''^ --^OP. OB^(OP-\^ OBY-iOP" OBf 
<(OP+OBf. 

Next take a square OP'QfB!' equal in area to OP'QfB^, so 
that OP'^ = OP'2 sin P'OiT; hence OP' < OP'. Hence 
OP^ OBf <OP'^OB'< 0P-¥ OQ. Hence the square has 
the least perimeter. 

Ex. 7. Let the A» be PA^Az, PB1B2, PG1C2* Since 
these triangles are similar, their areas are as the squares of 
corresponding sides. Hence PAiA^ : PB^ B^ : PCi C^ * : A^ A^ 
lA^C^iBA^K Hence we want BA^^ -^^ A^A^^ '\- A^C^ 
least, given BA^-^- A^A^-^ A^C, Hencef^i = -4.1-4.2= A^C. 
Hence C^P = PB^ ; i.e. Pis on AA'. So Pis on Bff and 
.-. at G. 

Ex. 8. Let PQB8 be the rectangle. Then by symmetry 
the centre of the O bisects PQ. Hence the area = PQ . QB 
^20Q.QB. Hence we want OQ . QB greatest given 
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0(^-\^QS^^aK But 20Q.QB=0Q^ + QB^-(0Q'QIi)^ 
which is greatest when OQ = QR, .-. 20^ = a\ Hence 
PQ « 2 OQ is the diagonal of a square of side a. 

Ex. 9. Since P moves on the arc, the angle P is const. 
Hence AP. PBocAP. PBoinPoc sixe^APB which is greatest 
when P bisects the arc (by p. 189, Ex. 3). 

Ex. 10. If ^ is the angle between the half-diagonals a, b, 
we want 2 ah sin $ greatest. Hence 6 « W, i. e. the diagonals 
are 1. 

Ex. U. Area ^ PQ . PB = {PA sin^l/sin 0.{BPsin B) 
ccPA.PB which is greatest when PA » PB, since 
PA-^PB is const. 

CHAPTER Xn 

Page 148. Ex. 1. Let the sides QB, BP, PQ of the 
required A pass through A, B, C. Let QB vary while the |» 
PQ and PB remain fixed. Then, unless QA = AB^ we can 
decrease area PQB by making QA = AB. Hence the 
triangle of least area must have its sides bisected at A, 
and so at B, C. Also smce BA:AQ::BB: BP, PQ\\AB; 
so for QBy BP. 

Ex. 2. Take P'Q^ through A consecutive to PQ. Then 
area AP+AQ has a critical value when area AP-^-AQ 
= AP' + AQ' ; I e. when area APP" = AQQ^. With A as 
centre describe O* with radii AP and AP^ to cut AP^ at B 
and AP at i^. Then area APP" lies between area APB 
and AP'H^ i. e. between i-4.P* sin J. and ^ilP'^sinil and 
hence is ult^y equal to ^ilP^sin^; so for area AQQ[. 
Hence we have \AP^%mA ^\AQ^^mA, .\ AP ^ AQ. 
Now see p. 148, end Ex. 1. 

Ex. 3. We must have PA.AQ-^^P'A. AQf. Hence P, 
Q, P\ Q[ are concydic. Hence ultf y when P and P' coincide, 
the tangents to the given O^ at P and Q touch a O and are 
.'. equally inclined to PQ. Hence the tangents at A are 
equally inclined to PQ ; i. e. PQ bisects the angle between 
the tangents at A. Also this critical value is the greatest 

B.KBT. £ 
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value. For when PQ coincides with either tangent at A^ 
PA . AQ is zero ; hence the above solution gives a unique 
critical value lying between two absolute minima. 

Page 149. Ex. 1. Let PQ touch at B. Then area CJPQ 
[= ^CJl. PQ] is least when PQ is least. Now, as in the text, 
area CPQ is critical when PE = BQ. Also this critical area 
CPqQq is the least. For let P'Qf be a tangent near to PqQq. 
Through Bo draw P^QT || P'Q^. Then area CP'Q^ > CP^Q" 
> CPqQq (by § 2). Hence we have a unique critical value 
lying between two greater values. 

Ex. 2. With the figure of the text, let p and i/ be the L^ 
from C on i^ and P'Qf. Then since the area is const,, 
p*PQ^p' ' P'Qf y and since PQ has a critical value, PQ 
= -P'C> .'.1? =!>'. Hence PQ and P'Qf uWy touch a O 
with C as centre and p as radius. Hence, as in the text, PQ 
touches this O at the centre of PQ, and hence is equally 
inclined to OA and CB, Again, since CP. CQ is const., if 
we take P at Q so that CP = 0, we get CQ = oo and hence 
PQ == 00 ; so if Q is at (7. Hence the critical value is unique 
and lies between two greater values and is .*• the least 
value. 

Page 150. Ex. L Let P^Q' be a consecutive position of 
PQ, then P^Q'-PQ. Also P'Q' || PQ, .-. PP' || QQ'. Hence 
ultimately the tangents at P and Q are || . 

Ex. 2. Let AN=Xy PN ^ y, AN' - x+p, P'N = y-q, 
Then AN .PN = AN' . P'N' gives xy ^(X'k-p)(y-q) or 
xy^^xy-xq+py-pq or xq^py-pq or x/y^p/q-p/y 
= p/q ultimately when ^ ?= 0. Draw P'M X PN. Then 
p = P'M, q = PM. Hence AN/PN = P'M/PM, .-. Z PAN 
= PP'M, Hence ultfy PA and the tangent at P are equally 
inclined to BC. 

Sx. d. Take a consecutive position P'(y of PQ. Then 
Aq'-q[P"^ = A(^^QP\ .-. ^Q'2-^Q2 = qB'^-QPK 
Now ^Q'2-^Q2 = (^Q' + 4Q)(^Q'-^Q) = 2ilQ.QQ' ultly 
since ultiy 4Q' « ilQ- Also Q'P'^-Qpa = (Q'P'-QP). 
^qP'^QP) = P'JIf . 2QP, ultir if PJf ± rqf. Hence 
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AQ.QQf^P'M.QP or AQ/QP^P'M/QQf ^ P'M/PM. 
Hence IBAP = PP'M = -B- 90°, 

Page 151. § 5. Ex. 1. Take a conaecutiYe position, P% 
of P. Then AP-PB^AP'-P'S. Hence we can describe 
a hyperbola with foci ^; J9 to pass through P and P\ 
Hence the tangent of the curve at P (which is the limit 
of PPO ^ A^o ^^® tangent of the hyperbola at P and .*• 
bisects the angle APB. 

Ex. 2. Here LAP'B ^ APB. Hence a O can be drawn 
through A, Bj Py P^. Hence ult^^ a O can be drawn 
through Ay B to touch the curve at P. To prove that APB 
is greatest in this position, take any other pt. P^ on the 
curve and let AP' cut the O at Q^. Then lAPB = AQ^B 
>AP'B. 

Ex. 8. Area AP'B^APB .-. PP" ia\\AB; and hence 
the tangent at P is || AB. Hence there are two positions 
of Py viz. the ends of the diameter ± AB. Also each of 
these makes area APB a maximum. For taking P^ on the 
same side of AB as P, we see that the altitude of AAP^B is 
less than that of APB. Of course the area is a minimum 
(viz. zero) at the pts. in which AB cuts the O. 

Page 151. § 6. Ex. Let C bisect AB. Then AP^-¥BP^ 
= 2(PC^ + AG% Hence AP^ + BP^ is least when CP is 
least. Now use the text. 

End op Chapter XII 

Ex. 1. Since AD is given, BC touches a O with centre 
A and radius AD. Also AD . BC is to be least and AD is 
given ; hence BC is to be leasi Now see p. 149, Ex. 1. 

Ex. 2. We may consider (as in p. 189, Ex. 2) a regular 
polygon of n - 1 sides to be an irregular polygon of n 8ide% 
one side being zero. Now use p. 148, § 3. 

Ex. 8. QR^ 222 sin QPR Hence QB is greatest when 
the angle QPR is nearest 90°. First suppose that the O, &, 
on AB as diameter does not cut the given O, a. Let AP 
(or BP) cut & at M ; then Z^IPB < AMB < 90°. Hence 

E2 
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QE is greatest when the angle AFB is greatest. Hence by 
p. 151, § 5, Ex. 2, we have to find the pts. Pj, P2 at which 
the O^ Ci, ^2 through A, B touch a. These are on opposite 
sides of AB ; for, as the arcs on opposite sides of AB expand 
continuously, at one stage each passes from within a to 
without a, and at this pt. it touches a. Also at each of 
these pts. the angle APB is greatest. For if P is any pt. 
on a on the same side of AB as P^, then AP (or BP) cuts 
Ci, at N, say. Then lAPB < ANB < AP^B; so for Pg. 
Also if AB cuts a at C, D, QB is zero when P is at (7 or D. 
Hence QE is a min. at C, max. at P^, min. at 2), and max. 
at P2. Next suppose h cuts a at P3, P4. Then as the arc 
on AB expands, it becomes Ci and then h ; hence LAPiB 
> 90°. Hence Q^E^ = Q4JR4 > Ci^i* Also C, 2>, Pg can 
be dealt with as before. Hence, in this case, QE is a min. 
at C, max. at P3, min. at Pi, max. at P4, min. at 2), and 
max. at Pg. 

Ex. 4. Let P' be a consecutive pt to P. Then AP: PB 
: : AP' : P'P. Hence if we divide AB at ^ and 1? in the 
ratio APiPB, then P, P' lie on the O, x, on ^JB as diameter 
(by p. 66). Hence ult^y x touches I at P. Now A, B Bie 
inverse pts. w. r. to each of the O^ ^, since {AB, QE) is h9. 
Hence the O* x form a coaxal system of which A, B are the 
limiting pts. Hence we have to draw a O of this system to 
touch 7. 

Bx. 6. When the O is divided most unequally by PQ, we 
have (taking the consecutive position P'QO Area ilPP^ » 
AQQ^. Hence as in p. 148, Ex. 2, PA = AQ. 

Ex. 6. Take a consecutive position P'Q' of PQ, Then 
PO.OQ = P'O. OQf. Hence PP'QQf is cycUc. Hence if 
the given |» meet at 0, then GP.CP" ^ CQ. CQf or \iWf 
CP^ = C^, .-. CP= eg. Hence P^ is ± the internal 
bisector of the angle PCQ- Least because infinite when PQ || 
to either |. 

Ex. 7. Take a consecutive position P^ of P. Then 
ilP2-PBa=ilP'2-P'p2^ ... pp' 1 ^j?, i.e. uiyy the 
tangent at P is ± J.£. Hence there are two solutions. 



69 



CHAPTER XIII 

Page 154. Ex. 1. Let ilJ? » a and CD - &. Gall the 1« 
from P on AB and CD, x and y. Then if area APB+CPD 
is given, we are given ax + hy; and also ^ + ^ if P is between 
the I". Hence x can be found. Hence the locus of P is a || 
to the given |^ So other cases can be discussed. 

Ita = b and P is between the |<>, we are given ax-^ay and 
rc + y, i.e. x-k-y only; hence P may be anywhere between 
the I". Ita — h and P is outside the |% we are given ax- ay 
and x-y; hence as before. 

Ex. 2. For clearness take the particular case when cuc-^hy 
"Cz — h. In the text, let AB = a, CD = & ; then ax-^by 
= 2(OilfX) + 2(PJfL) = w + aV where w is a const, and 
LM^a!. Hence ax-^-by-cz ^"k gives m-k-a^cif -cz ^h 
or aV -cz = lc\ This can now be dealt with by the second 
part of the text. j3o other cases can be discussed. 

Ex. 3. Let the l^ be PL, PM on OA, OB. Produce LP 
to Wy making PM' -=^ PM. Then JlTi = ilf 'P+ Pi 
== MP-k- PL which is given. Hence the locus of itT is a || 
to OA. Let this locus meet OB at C. Then PM = PilT; 
hence the locus of P is the bisector of the angle MCMf. 

Ex. 4. Proceed as in Ex. 3 but draw PMf in the opposite 
dii-ection. The solution is then the same. 

Ex. 5. With the figure of p. 60, take the area {LAB) 
to be + , then (MAB) is + and (NAB) is - ; so if (LA'BT) 
is +, (MA'B^ is + and {NA'BT^ is +. Hence (NAB) 
-i^(NA'k) algebAically = (iV:i'DO-(i^^-B) arithmetically 

« i (CA'Bf) - ^ (CAB) = ^ (ABA'BT) ; 
for CC = 2. NO' .-. A CA'B" = 2 AJV:4'D' 

and A CAB = 2 JV:^!^. 

So (LA'B^ + (i-4D) = 4 (AA'B^ + ^ (^'^D) « i (ABA'B^ 

= (Jf .I'D' + JfilD) similarly. 
Hence (i-4D) + (i.4'D0 = (-af^D) + J!f4'JB0 

-(iV:4D) + (JVil'-B0. 
Hence by the text L, M, N are collinear. 
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Ex. 6. In order to show that the centre of the O lies 
on LMN, we must show that (OAB) + (OA'B^) = i {ABA'B^). 
Now if AB, BA\ A'B', ffA touch at X, Y, Z, 17, 
(OAB)-\'(OA'Bri 
= (0X.4) + (0X5) + (OZA') + (OZ^) 
= ^(OXA + OKil + 0X5+ OrJ9+ Oril'+ 0Z.4' 

+ 0Z5'+0Er5') 
= ^(^5il'5'). 

Ex. 7. Let PA PJf be the 1» on the | a 0-4, OP. Take 
a particular position P' of P. Then P lies on OJP', For if 
not let a II to 0^ through P cut OF' at P^. Draw the ±« 
P^X^ P'^-ar. Then P'^X'' : P^JIT : : F^UIOF" : F^M^IOB^ 
iiP'r/OP'iF'M'/OF' (by similar il«)::P'i':P'Jlf'::Pi 
: PJIf (by hyp.) : : P^L" : PJf. Hence P^]}r = PJtf. Hence 
PP" is also II OP ; i. e. P and P^ coincide. Hence P is on 
OP', which is .*. the locus. 

Page 155. § 2. Ex. 1. It is sufficient to prove that 
I8q'q^^(f, Now, since A^ 8PQ, S'P'Q' are sinular, 
SPiSQiiSP'iSQ' and IPSQ^P'SQ"; hence SP:fifP' 
:;8Q:8Q' and ZPSP' = Q8Q'. Hence A» SPP', SQQ' are 
similar. Hence Z SQ'Q = fifP'P = 90°, 

Ex. 2. If the base PC is given and the area ABC, the 
locus of 4 is a I II PC. Also A'G = ^A'A. Hence the 
locus of is another | || BC. 

Page 155. § 3. Ex. 1. Draw OL, OM 1 I, tn; then 
Z, 0, ilf are collinear and OL = OM. With as centre 
and Oi^ as radius describe a O and let the other tangent 
from X touch at Z and cut m at Y\ Then Z XOY' = XOZ 
-^ZOY' = i(ZOZ+ZOitf) = 90° = XOr. Hence Y and 
Y^ coincide ; i. e. the envelope of XF is the O, 

Ex. 2. Describe the O escribed to XF and let it touch 
the I- OX, Orat^,P. Then OA = 0P = s = 4(0X+0r 
+ XY) is given. Hence A and B are known. Hence the 
envelope of XY is this O. 

Page 158. Ex. 1. I is the int" of the 1^ to OX at ^1 and 
or at P. Also P is the proj« of I on AB and IP is the 
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normal at P to the envelope of AJB. Hence we have to 
prove that IP \\ OQ. Now the A^ BOQy AIF are congruent 
since BO ^ AI, BQ ^ AP, and LOBQ-^IAP (by ||«). 
Hence Z OQB = IPA ; .\ OQ || IP. 

Ex. 2. Let the L* to the sides AB, AC si the fixed pts. 
X, Jf meet at J. Then the proj" P of J on BG is the pt. of 
contact of BC with its envelope. Now the O ILAM is 
known since Lj M are known pts. and ^ is a known 
angle. Let PI cut this O again at 0. Then is a fixed pt. 
For ALIO = B from the O LIPB] hence the arc LO is 
known. Again Z OAB = OIL = P ; hence OA \\ BC. Hence 
OP is known, being equal to the altitude AB* Hence the 
envelope of BC is the O with centre and radius OP. 

Ex. 3. Let the centres of the O^ l^ m be L, M. Draw 
A'B" II AB through L and ^'C || to AC through 2lf, P' and 
C being on P(7. Then A^B', being || ^P and at a distance { . 
from it, is fixed to the A ABC ; so A'C. Hence the A ABC 
moves with the triangle A'VC of which two sides now pass 
through the fixed pts. X, M. Hence by Ex. 2 the envelope 
of BC is a O. 

Page 160. Ex. 1. Let AB » 2a and BX » x. Then 
AX.BX^^ gives (2a + a;)ir = c^, .-. a; + a- Va^-^-c^ 
since a? + a is + . Hence BX — ^a^ + c^-a. Hence the 
construction — Bisect AB at C, draw CD == c 1 AB ; then 
a O with centre C and radius PP will cut AB (towards P) 
atX For CZ=PP=^a^Tc2andPZ = CX-a. 

Ex. 2. Let AB = 2a and XA = ic. Then AB . XB = XA^ 
gives 2a (ic + 2a) = or^, .". XA = a + av^ (fora-aVSis -). 
Hence the construction — At P draw PP = a i. ilP ; then 
a O, with centre, C, on BA at a distance a beyond A and 
radius AB^ will cut BA (beyond C) at the required pt. X. 
For XA = XC+CA = ilP + a = a V5 + a. 

Ex. 8.^ Let the \^ be a;, ^. Then we are given that 
^2-^2 — g2^ ^ ^ ^2^ ^.^ /p2^ _ ^4^ Hence a?^ and -^2 ^re 

the roots of the quadratic si^^c^z-nfi =0 and can be 
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constructed by § 5. Suppose a? = a^ and -y- — -^2^ 
.'. dj = a, y « &. 

Page 161. Ex. 1. In the AABC^ we are given BC, B~0, 
and BA-^AC. Produce BA to 2> untU J52) « J5-4+-4C, 
so that AD ^ AC. Then BD is known ; hence the locus 
D is a O. Also ABGD =- C-^AGD = C+GDA (since 
AD = .4C) = (also) 180° - B-GDA = i (C+ 02)4 + 180^ 
-B- GDA) = 90"^ + ^ (C- B) which is known. Hence D is 
one of the int^^" of the above O with the | GD drawn at 
the angle 90° + ^ (G-B) with GB. Then to get A, make 
LDGA^BDG 

Ex. 2. We are given BG, A, and ^^ + AG. Produce BA 
ioD\3LVLii\BD=^BA^AG. TYieaA=-ADG-^AGD'^2ADG. 
Hence LADG = ^A and is known. Hence one locus of D 
is a known O. Also BD is known. Hence another locus 
of D is a O. D may be either int^^ of these 0>. Then to 
get A, make LDGA = BDG. 

Ex. 8. Let ABG be the A. Then is known. Also 
OA' = ^ AH and is known. Hence, taking OA' in the 
same direction as AH^ the line of B^ G (viz. a | through A' 
L OA^ is known. Then a O with centre and radius 
B will cut this line at B, C. 

Bx. 4. With the figure of p. 24, XA' \\ OA, .-. ZJVXff 
= OAH = BAH'BAO = (90°-^) - (90°-C) = C7--B and 
is known. Also N and H are known ; hence X lies on a 
certain O. Also X lies on the given N.P.C. Hence X is 
either of the int^s of these Ob. Then HA = 2 . HX gives A ; 
and jBTO = 2 . ffiV^ gives 0. Also JB = 2«. Hence u4, ^ 
and the circumO are known. Now see Ex. 3. 

Page 163. Ex. 1. With the figure of p. 161, if ^:^:: 
he '\-ad:ah'\-cd and yet ABGD is not cyclic, let A'BfCjy, with 
the same sides a, 6, c, ei, be cyclic, . *. a/ : y' :: 6c + ae? : a& + c<J, 
••. ixf ixiiy^ \y. First suppose ixf > x, r. y^ >y. Then in 
the A8^-42>, JS'.l'Z/ we have BA, AD = J5'^', A'D^ and 
B'D'>BD,.\A'>A;boB'>B,G'>G,I/>D. Hence 
J.' + 5'+C' + 2y>^ + ^+C+2>; which is impossible for 
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each sum is 860®. Hence «' > a? ; ^af ^x. Hence of =^ x 
and .-. / =^. Hence A'B'C'iy is congruent to ABCB 
and .'. cyclic, 

Ex. 2. Let the given angle be F. Describe the A ABE 
with AB = a, 5JE? = c, and ^5JB7 = F. With 4, JE7 as 
centres and (2, & as radii, describe O" cutting at 2). Complete 
the Ih iX^-BJEL Then ABCD is the required quad. For 
AB = a, BO ^ DE ^ h, CD = BE ^ c, DA ^ d; and the 
angle between ilJ5 and CD « u45J& = F. 

Ex. 3. Let I, w, fi, r bisect AB, BG, CD, DA JL^y. Take 
Ai, Az at random; and let the successive reflexions of J. i, 
A2 in I and m and n and r be JBi» ^2 ^^^ ^ly ^2 ^^^ 
2>i, 2)2 and ^'1, uA'g* Now B, C, D, A are the successive 
reflexions of A. Hence AA^ = JSJ^i = CC^ = DDj = -A4'i. 
So AA^ = -A-l'g. Hence A is the int" of the ± bisectors 
of -4.1 A\ and ulg -^V 

Fage 164. Ex. 1. Take uiZ JL and = £2). Join CZ 
cutting ±" to CZ through JB and 2> at ilf and N. Let 
these ±" cut a || through A to CZ at L and i^. Then 
LMNR is a square circumscribed to ABCD. By construc- 
tion it is a rectangle ; we must further prove that its sides 
are equal. Draw AY, BZ 1 MN, NB. Then in the A» 
AXY, BDZ, we have AX = BD, Y-^Z^W, and 
Z AXY = BDZ (since ^Z ± J?2> and XY 1 DZ). Hence 
AY^BZ, le.LM:=MN. 

Ex. 2. This is the same problem as in Ex. 1, taking D to 
coincide with A. Hence draw AP = and X AB. Draw 
±» ^Z, ^r to CP and ^Z 1 BY. Then .4J? 1 ^P and 
AX 1 AZ, .\ IBAX = PAZ. Hence .4-B = ^P, Z = Z 
== 90° and IB AX = PAZ. Hence ilZ = ^Z. Hence 
AZYX is a square. 

Page 165. Ex. 1. Produce 2X&' to H' and make the 
angle Q'rff = 180° - F'G'il' - 5, B' being on ff'il'. 
Similarly construct A'E' ; and let A'Jff, B'F' meet at C. 
Then t^A'B'O is similar to ABC\ for B' = ISO^-F'ff'JET 
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-•G'F'ff^B; BO A'^A; .-. C = G Now describe 
a figure ABCDEFG similar to A'B'C'iyirFa'. Then 
DEFQ is the required figure. To do this^ take Fsuch that 
BFiFCr.B'F'iFC'&nd so on. 

Ex. 2, AD.BC-=BE.CA-=CF.AB .\BC(^1/AD 
and so on. To construct 1/AB and so on, take any pt. 8 
and on any 1^ through 8, take 8L = AD, 8M = BE, 
8N= CF. Let the O LMN cut 8L, 8M, SN again at 
L\ W, JSr. Then 8L . 81,' =- 8M . 8M' ^ 8ir . SIT, 
.'. 8V oc l/iSX « IMD and so on. Hence BCi CAiAB 
: : Sr : SJT : SJT. Construct the A A'B'C with sides 8L% 
8Jif, 8ir, and let the altitudes be A'lT, ffET, (TF. Then 
BC:CA:AB::8L':8M':8]Sr::B'C':C'A':A'B'. Hence 
the A« ^5(7 and A'B^C are similar. Hence -4.5 is given 
h^ AB.ABwA'B'xA'Vy so BC, CA. 

Ex. 3. Take the square P'Q'M'N' and bisect M'lT at X'. 
Then by symmetry the G P'L'Q' touches M'lT at i'. Let 
MN touch at i ; and construct the figure NLMQP similar 
to the figure N'rM'Q^P'. Then PQMN is the required 
square. To perform the construction, let and (/ be the 
centres of the O* ; then LM :L0:: VM! : VOT gives M ; 
so jy: Then ±8 to ilfjy at M and N cut the O at ^ 
and P. 

Ex. 4. Let A'B'C be of the required shape. On the same 
side of ^'C, G'A' describe arcs containing the given 
angles B8G and G8A meeting again at 8. Now describe 
a figure ABG8 similar to A'BfG'S with side GA through 2>. 
To do this, draw BA through 2), making the angle I>A8 
= G'A'S. Then BA cuts 8G at C, and J5 is given by 
LAGB^A'G'BT. 

Page 166. § 12. Ex. 1. Let BG, EB meet at 8. On 
CD, and towards A, describe the square GBPQ. Let 8Q 
cut J.J? at L. With jS as centre and Q, L as corresponding 
pts., describe a figure homothetic to GBPQ. The new 
figure is a square of which L (on AB) is the vertex corre- 
sponding to Q ; hence by symmetry the pt. E corresponding 
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to P is on AE, Also the vertex M corresponding to is on 
flfC, ie. J5C; so JV^ is on BE. 

Ex. 2. As in the text, describe the square CFPQ. Then 
with A as centre and Q, N hs corresponding pts., describe 
a figure homothetic to CFPQ. This is a square RLMN 
with vertices JB, X, M, N on AG, AB, AB, BG as required. 

Page 166. § 13. Ex. L We want to prove that area 
BCHE « i area BCBA. Now area BCHE = BGE+ CEH 
= BCE^ CEO [by 1|» CJB7, HO] = ^C(? « i BCF (since J?(? 
= ffj?0 ^^{BCA-^^ACF) « 4 (5C4 + ^C72>) [by ||MC7,2)J1 

Ex. 2. Trisect AB at M, N. If P lies between M and 
jy; draw MQ to u4C and -NK to BG, \\ PC. Then area 
AQP -= AQM+QMP ^ AQM+QMC (by 1|» Qilf, PC) 
^AMC-^^ABC (since AM ^ MN -- NB) ; so J5.RP 
« J45G Hence ©Pi2C = ^ABC. If P Ues between N 
and ^, take B on ^C. Then area PQB » PQ^l since 

Ex. 3. Take the fixed pt. A on I Take the variable pt. 
Pon ni. On ^P describe an equilateral A APQ; then by 
§ 2, the locus of Q is a I r, say. But G lies on n. Hence C 
is the int^ of n and r. 

Ex. 4. On any line OA, take Bj C such that OA : 0^ is 
the given ratio and OA . OC the given product Take any 
O c through Af C ; and with as centre and OA : OB as 
ratio, describe the O (f, homothetic with c. Let these Ob 
cut at P ; and let OP cut c again at Q. Then OQ : OP 
::OA:OB and OQ . OP^ OA . OG Hence OQ and OP are 
the required lines. 

Ex. 6. Take two fixed pts. A, B. Then, if AP^-PB^ 
is given, the locus of P is (p. 34) a |, Z. Also if APiPB 
is given, the locus of P is (p. 66) a G, c. Hence, if both are 
given, P must be at an int^ of I and c. 

Ex. 6. Bisect AB at E, and draw ^P || BD to meet fC 
at P. Then.lP:Pe::-4J&:^i?::l:l. 

Ex. 7. LetX^.^r=a2 and XB.BY^h\ Draw 
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PAQy BBS 1 AB and bisected by AB and of such lengths 
that PA -=a,BB^ h. Then P, Q, 8, B by symmetry lie 
on a O. Let this O cut AB at M, N. Then M is X 
and Nib Y. For MA.AN=PA^^a^ and MB.BN 
^BS^^ h\ 

Ex. 8. Let P be the pt. on I and PQ the normal distance 
to the given O, c Then AP » PQ. Hence the O with 
centre P and radius PA will touch c at Q. Hence we have 
to draw a O with centre on I to pass through A and to 
touch c. Now see p. 188, Ex. 6. 

Ex. 9. Let the l^ to the required |, ^, be BM and CN. 
Bisect5C?at2)anddrawi)JB±a?. Then 2)12 = i (5Jf+ C^. 
For draw BP ± DB and DQ ± CZV: Then the A« J5PD 
and DQC are congruent ; for BD = DC, P^ Q^W and 
Z P5D = QDC by ||». Hence DP « CQ. Hence DJIf + CJV^ 
* 2)JB-i)P+2>22+CQ = 22>i?. Hence DB is known, = r, 
say. Then B is the pt. of contact of a tangent drawn from 
^ to the O with centre D and radius r. 

Ex. 10. Call the circumference of the O, c. Then each 
side of the polygon of m sides will cut off an arc of length 
c/m] so for the other polygon. We want an arc c/mn. 
Let us suppose that this can be got by taking the difference 
between x of the c/m arcs and y of the c/n arcs; then 
xc/m^^yc n = c/fnn or xn^^ym^ 1. Now if m and n are 
interprime and p/q is the penultimate convergent to m/n, 
we have pn^qm = 1. Hence x — p and y — q> 
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Ex. 1. This is simply § 1, part 2, with the const zero. 
In fact area PLM — OLM ; hence the locus is a | . 

Ex. 2. Making the given construction, area CPQ — GA'Q 

+ PA'q = CA'q + AA'q (by ||« A'q, pa) = aa'g = 4 ^2?a 

Ex. 8. Let :r, ^ be the sides. Then the area = ^ sin il 
is given, .-. ooy = a^, say. Also the perimeter 2x + 2y is 
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given, .*. x-k-y^lj say. Hence a?, y are the roots of 
z^-he-^a^ ^ 0. Now see § 5. 

Ex. 4. Let XyyhQ the |« ; then we are given x^ + y^ and 
xy] i. e. re* + 3/^ and rc^y^. Hence by § 5 we can construct 
sfi and ^^. Then x and ^ can be found. 

Or thus directly. Let x^ + y^ = o?. Take Zitf = a and 
on Xi(f as diameter describe a O. Also on JjM as base 
describe a rectangle LMNR whose area is equal to the given 
product xy, so that xy » LM.MN. Let NB cut the O at 
P,Q. Then LP^ ^ MP^ ^ LM^ =^ a^ and LP.PM^ 
2. area LPM^LMNB = LM.MN^ xy. Hence a; = iP, 
y =s PM ; or a; = PJf, y = LP. Q gives the same values. 

Ex. 6. Take any pi P on the |, 2, on which B must lie 
and construct the l^APQ of the required shape. Then by 
§ 2 the locus of Q is a I, a;, say. But C must lie on the 
given I, m, say. Hence C is the int» of x and m. 

Ex. 6. Suppose we want to inscribe PQB in ABC so that 
QB shall be in a given direction. Take Q'R in this 
direction, Qf on C^ and ^ on AB\ and on (^22^, and 
towards BC, draw P'Q[B! of the proper shape. Let AP' 
cutBCatP. Now draw PQJBhomothetic with P'Q'i?', taking 
^ as centre and P, P' as corresponding pts. Then i^ is on 
AB!j i. e. on AB ; so Q is on AG. Also QJ8 is || Q[B!j i. e. 
in the right direction. Hence P(iB is the required A. 

Ex. 7. Let the radii of the O^ on which P, Q, B must 
lie be 0, &, c and the common centre be 0. Take P'Q'X 
of the required shape. Obtain by p. 66, § 8, the locus of 
a pt. X such that Q'X : RX iihic and the locus of a pt. Y 
such that RY\ P'Y \\c\a. Let these O" meet again at 0'. 
On the given O c take any pt. B and describe on OB a 
figure similar to the figure O'P'Q'B!. Then QOiBOi: Q'O' 
: B!0' (by similar figures) : : & : c and BO = c, .-. QO = 6 ; 
so P9 » a. 

Ex. 8. We are given JB, A and &/c. But a = 2jBsin^, 
. *. BC is given. Now A is given ; hence one locus of A is 
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a O. Also BA : CA is given ; hence, by p. 66, another 
locus of ^ is a O. Hence ^ is at an int^ of these Qk 

Ex. 9. We are given BC, SA - CA and C-B. Let BB 
(on BA) ^BA^ CA, .'. AD = AC, .\ lACD = ADC. Now 
C-BCD^ACD^ADC^B^BCD, .\ 2.BCD =^ G-B. 
Hence BD and LBCD aie known. Draw CE so that 
Z BCE = 4 (C- -B) ; and with centre B and radius BA - CA 
describe a O cutting CE at 2>. 

Ex. 10. We are given BC, BA + AC and that A lies on 
a given |, Z, say. Produce BA to D until BD = BA + AC, 
.*• uiD B uiO. Hence a O with A as centre and AG as 
radius will pass through C and touch the known O, r, with 
B as centre and j?2) as radius. This O can be described as 
the O touching r and passing through G and its reflexion 
in I. Then A is the centre of this O. 

Ex. 11. We are given BG and the lengths of AH, HD. 
Bisect BG at A' and draw A'O 1 BG and ^ ^AH. Then 
is known. Hence A is on the O with centre and 
radius OB. But AD is given. Hence ^ is on a || to BG at 
a distance AD from it. Hence A is an int^^ of this O with 
this ||. 

Ex. 12. We are given the lengths of AA', AH and E. 
Take -4' anywhere and BG in any direction. Then OA' ± 
Be and ^^AH is known, .*. is known. With as 
centre and R as radius describe a O ; this cuts the base in 
B and C. A also lies on this O ; and also on a O with 
centre A' and radius AA\ Hence A is known as an int^ 
of two ©■. 

Ex. 13. Let P, Q lie on AB, AG. Through draw OD 
to AB II AG. Then AD:DP::QO:OP and is known. 
Hence P is known. 

Ex. 14. To construct P so that the 1^ PX, PY, PZ on 
BG, CA, AB may be in a given ratio, say, PXiPYiPZ 
::l:m:n. Draw BQ -L AB (towards C) = w and CB 1 u4C 
(towards B) = w. Let ||8 QS to -4£ and JB/S to AG meet 
at & Draw SU, ST 1 AB, AG. Then SU:8T: : J5Q : GB 
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::m:n. Hence (by p. 155, Ex. 7) P must lie on the j AS. 
So another | BV can be found on which P lies. These |" 
pieet at P, 

Ex. 16. We are given x^+y^ = a? and x\y\\h\c Take 
LM = a and on LM as diameter describe a O, c^. Then 
if P is any pt. on this O, FL^ + Plf ^ =: LM^ = a\ Again 
if QX:QJlf ::&:c, Q lies on a G, Cg, by p. 66, Hence 
taking B at an int^^ of Ci, c^ we have J^X^ ^. jjjif a = ^2 j^^j 
BL : i^Jf : : & : e. Hence x «= i^X^ ^ =: "RM. 

Ex. 16. Let the ±b be 5Q, 012. Draw CX L BQ. Then 
5X « BQ-CB which is given. Hence (7X is a tangent 
from C to the O with B as centre and radius equal to the 
given difference. Then QB is || CX. 
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Page 170. Ex. 1. Since the plane is || I, we can take a | 
V in the plane, || I. Then the shortest distance between I 
and xia 1. I and x, Le. 1. V and x^ i. e. X the plane ; and is 
•*. the L from any pi on I to the plane. Also this is const, 
since 2 is || the plane. If however x || \ the shortest distance 
is -L both X and I in their plane and .*. varies with the 
position of x. 

Ex. 2. Let the |« be AB, CD, EF. Take any pt P on AB 
and let the plane BCD cut EF at Q. Then PQ, being in 
the plane BCD, cuts CD. Hence PQ meets each of the j". 

Page 171. Ex. 1. Let the spheres intersect in the O, c. 
Let the plane cut c in the pts. A, B and the spheres in the 
O^ Ci, ^2, ... . Then Ci, c^, ... all pass through A, B. 

Now let c diminish to a pt. O. Then the spheres touch ; 
and the theorem is still true. 

Ex. 2. Let AB cut the plane at 0. Let P be the pt. of 
contact of a sphere through A, B. Then OF touches the 
sphere ; hence QF^ = OA . OB is const. Hence the locus 
of Pis a O. 
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Ex. 8. Let Ay B be the given pts. and P the variable pt. 
Then since PA : PB is given, the locus of P is a sphere. 
The required locus is the O which is the section of this 
sphere by the given plane. 

Ex. 4. Let p be the required plane touching the given 
spheres 1, 2, 3. Then since p touches 1 and 2, it passes 
through a c. of s. S of 1, 2. Bop passes through a c of & 5^ 
of 2, 8. Hence i? is a tangent plane through the | 88' to 1. 
Hence there are 8 solutions ; for 5, S' and the tangent plane 
can be chosen in two ways. 

Page 173. Ex. L The plane bisecting AB l^^ is the 
locus of pts. equidistant from A and B\ hence lies on 
it. So each of the planes passes through 0. 

Ex. 2. Suppose the O^ Ci, c^ to meet at A and B. In Ci 
take any other pt. P and in Cg any other pt. Q, Then the 
sphere is that through A^ B, P, Q. 

Ex. 8. Invert the O PQB w. r. to 0. Then we get the 
O PV^ such that OP. OP'^-QQ. OQ' = OB. OBT. Hence 
the sphere PQBP' passes also through (^j B! ; and .*. through 
both Ob. 

Ex. 4. Let the pts. be P^, Pg on AB and Qi, Qs on AB 
and «i, J?2 on AC and Sj, 8^ on GB and Tj, Tg on BB and 
C/i, CTg on BG. Consider the sphere PidSiTi. This 
sphere cuts ABB in the O PiQi2\ which by p. 81, Ex. 2, 
passes also through Pg, Q2) ^2* Hence the sphere passes 
also through Pg, Qgy ^2* Then from the plane BGB and 
the pts. T2, 2\, 8-1^ the sphere passes through 8^^ Ui^ U^. 
Next from the plane AGB and the pts. Q^ Q29 81^ the 
sphere passes through Bi^ JRg* Hence the sphere passes 
through all the pts. 

Ex. 6. We have already considered, in p. 128, § 3, all the 
cases except when A, B, C, B do not lie in a plane. In 
this case consider the sphere ABCB. Invert w. r. to a pt. 
on this sphere. Then A, B, C, B invert into A', J^, C, B" 
on the plane which is the inverse of the sphere. Also, as 
on p. 124, AB.CB-^AB.BG>AG.BB if A'V .G'V 
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'^A'ly.B'C' > A'CB^iy, i.e. unless^', ^, C',!/ Heon 
a O (or a I) in the order A'^C'Tf, i. e. unless A, B, C, D 
lie on the inverse of a O (or { \ i. e. on a O (or a | ) in the 
ordiev ABCD. 

Page 174. Ex. 1. Vol. QBGD : vol. ABCD : : altitude 
of GBCD : altitude of ABCD : : GA' : AA' : : 1 : 4. Hence 
GBCD « iABGD = ff^CD = .... 

Ex. 2. Let AB^CD^ a, AC ^ BD ^ &, AB^BC-^ c. 
Then each of the faces has sides of length a, &, c ; hence the 
faces are congruent. Again let L, L'^ M, M.'^ Nf N' bisect 
AB, CD, AC, BD, AD, BC. Then ALiLB:: AMiMC, 
.-. LM II BC; also LM: BC:: AL :AB, .\ LM^iBC. 
So JTi' II ^a and = ^BC. So Zilf' and JIfL' are jl AD 
and = ^AD. But ^C = u42> ; hence LM'VM is a rhombus. 
Hence LL\ MM' are 1. So JVJV' 1 XL' and MM' and .-. 

I plane LM'VM and .-. ± LM and L'JIf' and .-. ± BC 
and ^2) ; i. e. NHf is JL to the edges AD and BC. So for 
LL', MM\ 

Ex. 8. (i) We know that voL GABC = vol. GBCD = ... . 
Also area ABC = are^ £C!Z) = ... in this case. Hence the 
-L^ from G on the faces are equal. Hence G is the incentre. 
(ii) Let G' be the centroid of the faces. Let 3 m be the 
mass of each face. Then we can replace the face ABC by 
m at ^, m at £, m at C7 ; and so on. Hence we can replace 
all the faces by 8 m at A, B, C, D. Hence G' is the c. of m. 
of equal masses at A, B, C, D and .*. coincides with G. 

Ex. 4. (i) Let a plane || the edges BC, AD cut the edges 
AB, CD, AC, BD at L, V, M, M\ Now the three planes 
ABC, BCD, LMV meet at the int^ of the |» LM, M'V, 
BC; i. e. £(7 meets XJKf where it meets the plane LML\ 
L e. at infinity. Hence LM || BG So L'M' || BC ; and ML', 
LM'\AD, Hence L-arX'Jlf is a Ih. (ii) If ZJfL'ilf' is a 

II m LM II M'V. But the three planes ABC, BCD, LMV 
meet in a pt., viz. at the int^ of the |» LM, M'V, BC But 
LM II L'M'; hence the int'^ is at infinity, i. e. LM \\ BC. 
So LM' II AD. Hence the plane LML'M' \\ BC and AD. 
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Ex. 6. With the figure of Ex. 4, area LKVISC-^IM. LNC 
sin MLM!. Now Z MLW is const. , being the angle between 
thell^^CandilDtoXJlfandXitr. Hence area a XJf.X JIT. 
Again, LMiALiiBGiAB and LW .BL ii AD : AB. 
Hence area oc AL . X^. But iiZr + LB is const Hence 
the area is greatest when AL = LB. Also AL : LB 
:: AM: MO, .'. ^itf = ilf(7; and so on. 

Ex. 6. Let the tetrahedron be ABGD, If il is not such 
that AB = AC = AD^ then keeping J?, C, D fixed, move 
^ on the Gfpherical cap (bounded by the plane BOB) on 
which A lies until AB — AC =ABy Le. until ^ is at the 
summit A' of the cap. Then vol. A'BCD > vol. ABGD. 
Hence unless all the edges are equal we can increase the 
volume. Hence the volume is greatest when all the edges 
are equal. 

Page 176. Ex. 1. With the figure of p. 175, we have 
seen that the altitude AL of the tetrahedron meets the 
altitude BE of the face BGB ; so it meets each altitude of 
BGB and hence passes through the orthocentre of BCD. 

Ex. 2. Consider the face BGB. Its N.P.C. passes through 
E since BE is an altitude ; and similarly through the 
corresponding pts. on BB, BG; and also passes through the 
centres of the sidea So for the other faces. Now see 
p. 178, Ex. 4. 

Page 177. Ex. Let AA' pierce the plane e at C. From 
P (in the plane e) draw PP^ 1 | CP'. Then AC 1 plane e 
and .-. JL PF^. Hence PP* ± CP" and AC and .•. JL plane 
ACP^ and .'. ± AP". .-. AP>AP^; so BP > BP", 
.'. AP+BP>AP' + BP\ But by p. 137, AP^ + BP^ 
>AP' + BP', .\AP+BP>AP'^BP'. Hence ilP' + JJP' 
is the shortest path. 

End of Chapteb XIV 

Ex. L Suppose we have to draw a | || to AB to meet C2> 
and EF. On CD take any pt. P and draw PQ \\ AB. Let 
the plane QPD cut £F at X and draw XZ || PQ (and .*. to 
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AB). Then XZ being || PQ is in the plane QPXj Le. in 
the plane Q£D. Hence XZ meets CD since this also lies 
in the plane QPD. Also XZ meets EF and is U AB. 

Ex. 2. With the figure of p. 174, Ex. 2, by congruent 
A», Zj?.4i}+DJLC+ CAB « BCD+DBC-^ CDB = 180^ 

Ex. 8. (i) With the figure of p. 174, Ex. % let the masses 
of the edges a, h, c be 2ka, 2kb, 2Jcc. Then we may replace 
AB by X^ at A and ka hi B; and so on. Hence we get 
k (a-^h-^c) at A, B, C, 2). Hence the c of m. of the sides 
is that of equal masses at A, By C, D and is .'. &. (ii) It 
is sufficient to prove that QA = OB ^^ 0€ = OB. But 
O bisects LL' and L'L 1 AB. Hence OL, LA = GL, LB 
and £ = i (= 90**), .-. OA = OB; and so on. 

Ex. 4. With the figure of p. 174, Ex. 2, the plane which 
passes through CD and L passes through LL^ and ,*• 
through O which bisects LL\ 

Ex. 5. With the figure of p. 174, Ex. 2, 
AB^-^AC^ = 2 {irA^ + JSTB^ 
DB^ + DC^^2{]rD^ + JfB^ 
.'. AB^ + AC^ + DB^ + DC^^2{N'A^'\^N'D^)'^4N'B^ 

« i{N'N^ + NA^) + BC^ - 4:N'N^ + AD^ + JBO^, 
or briefly 4tg^ ^ a^-^h^ + h'^-haf^'-t^-t/^ 
where ;& = NN', AB = a, CD = a', and so on. 

so 4«2 « 62+5'2 + c2 + c'2»o2_a'2 

and 4^^ = c^ + c^^ + aHa'^-fe^-d'^ 

Ex. e. Let the two tetrahedrons be ABCD, A'BfC'Dt. 
Then we are given that AA\ BB", CC\ DDt meet, 
at /S, say. Consider the three planes ABGy A'B^C\ SAB, 
The three inf^ concur. Let the planes ABC, A'BfC meet 
in the | I ; then AB and A'B^ meet on l, at P, say ; so 
BC, B^C and C4, C'^' meet on Z, at Q, J?, say. So the 

F 2 
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intM of DB, D'B" and of BC, BfC and of CD, CBf (i, Q, My 
say) are collinear ; also the int^ of DC, 1/(7^ and of CM, 
CA' and of AD, A'B' (My JB, 2\r, say). We have now 
proved that T^B, LQM, MBN are \\ Now since the |8 
JP^i?, iQ3f meet at Q, the five pts. P, Qy B, L, M lie ia 
a plane. Also since N lies on the | MB, N lies in this 
plana Hence the six int^^ of corresponding edges are 
coplanar. 

Ex. 7. Let the sphere touch ABy AG, AD, CD, DB, BC 
&iL,M,N,L\M',N\ Then ^X = ^Jf = ^2V^(= a, say), 
being tangents from A ; and so on. Hence AB + CD 
== AL-h BL-\^CL'-^DL' = a+h + c+d. So for the rest. 

Ex. 8. A plane which touches two spheres must pass 
through one, 8, of the c^ of s. If it also passes through the 
given pt. A, it must be one of the tangent planes from the 
I SA to either sphere. 

Ex. 8. Take three pts. B, C7, D on the O and draw 
a sphere through B, C, D and the given pt. A, 

Ex. 10. This is the lunit of p. 178, Ex. 2, when the two 
pts. coincide. 

Ex. 11. Take any pt. P on the O, and let OP cut the 
sphere again at P'; then OP. OP' is const. Hence the 
locus of P' is an inverse of the locus of P w. r. to ; i.e. 
isa O. 

Ex. 12. With the figure of p. 174, Ex. .4, we have 
LM II BG and iJT || AD ; hence if LML'M' is a square so 
that LMJlLM, then BCIAD. 

Again if LML'M' is a square, LM = LM'. But 
LMxBCwALxAB and LM' \ AD wBL \ AB\ hence 
BC.AL^AD.BL. Hence to get L we divide 45 so 
ihslt ALiBL II ADiBC. Theniruw LM\\BCyML'\\An 
and L'M' U BC. 
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MISCELLANEOUS EXAMPLES 
Pakt I 

Ex. L Let JBX cut QP at C and BZ cut QR at A. It is 
sufficient to prove that AC passes through Y. Now the 
triangles ABC, A'B!C' are copolar since AA\ BBf, CC 
meet at Q. Hence they are coaxal, ie. (-BC; B^C% 
{CA ; C'A% {AB; A'B^ are coUinear, Le. X, ((M ; C'^IO, 
Z are collinear. But XZ cuts C'A^ at F. Hence C^ passes 
through F. 

Ex. 2. Since bisects PQ, the locus of P is the reflexion 
of 2 in 0, Le. is a I, V. The required pts. are the int»« of V 
with c. 

Ex. 8. If PX be the ±, we have to prove that PX . PA 
= par. PN, i.e. that PZ/Pitf = PN/PA, i.e. that sin PJIfZ 
= sin PAN, ie. that PMX = Pii^. And this is true since 
PANM is cyclic. 

Ex. 4. The O on 11^ as diameter cuts BC at £ and C. 
Then IABC=^ 2IBC and Z ACB = 2 JCB gives A 

Ex. 6. Since the two O* on OA are equal, the angles 
ABO and ACQ are equal (« a, say). So BAO « -BCO - /3 
and CAO = CBO = y. Let ^0 cut BC at D. Then A ABB 
= a + /3 + y = u4DC, .*. il2)±5(7; and so on. 

Ex. e. Let A' bisect BC. Then OA' and Ojil' 1 BC, 
.-. OOi 1 BC, i.e. II AB', i.e. ± O^Oz ; so OOg 1 O1O3, •'. 
is the o. c. of Oj 0^ O3. 

Ex.7. BX^-'CX?--BP^-CP^-=B(^'^qP^-PB^-CR\ 
.-. BX^^CY^-^AZ^-CX^-AY^^BZ^ 

^B(^-^qP^''PB^-CM^+CIP + B(^-QP^-AP^ 

•hAP^ + PB^-BQ^-B(^^ 0. 
Ex. 8. D, E, Fare collinear, 

.-. BD.CE.AF^ -DC.EA.FB .... (i) 
So BI/.CE'.AF' ^ "jyC.E'A.FB. ... (ii) 
Simikrly if EF" cuts J5C at IT, FBf cuts C4 at E", DE' 
cuts A^ at F^, we have 

Bir.CE.AF' = -irC.EA.F'B . . . . (iii) 
BD\CE\AF= -D'C.E'^A.FB \ . . . (iv) 
BB.CE'.AF''^ "DCE'A.F'^B . . . . (v) 
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Divide the product of (iii), (iv), and (v) by the product of 
(i) and (ii). Then 

BIf.CEr.AF''^-irC.irA.F'B. 
Hence L^j E^, F^ are collinear. 

Ex. 9. Let AC% DI/ cut A'C at Z, T. Let A'lf, CD 
meet at E. Then AC'X gives 

BA . A'X . OC' = - AA' . XC. C'B. 
So A'lf.ED. CY^ -JfE. DC. YA\ 

i.e. BC .A'A.CY^- C'C.AB. YA\ 

Hence multiplying, 

A'X .CY^XC. YA% i. e. A'X/XC = A'Y/YC. 
Hence X and Y coincide. 

Ex* 10. The A« ABd IiI^Iz are copolar (centre I) ; hence 
they are coaxal. 

Ex. 11. Let AA', BB^y ... meet at 0. Then 
sin A'AB/&m ABBf = OB/OA ; and so on. Now midtiply. 

Ex. 12. 
ADflVB = OA . OD' sin AOD^/(OD^ . OB sin D^OB) 

= (OA/OB) X (sin AOD'/sin D'OB) ; 
and so on. Now multiply ; and notice that AOD^ — A'OD^ 
VOB « DOS, and so on. 

Ex. 18. By II* BB, A'B^ , we have BB^ : B^D : BA' : A'D. 
By II* Cff, u4'B^2> we have BB^ iB^Di: CA' : A'D. Hence 
BBi'.DBi wBB^iB^D. 

Ex. 14. Take the centre of PQ as origin. Then 
0P2 ^QQt^oA.OB^ OC. ODy i.e. jp^ ^ q^ ^ db -- cd. 
Hence AC.AD.BP^^BC.BD.AJP^ if 

(c-a) (d-a) (i)-6)2 - (c-&) (e?-6) (p-a)2, 
i. e. if (c - a) (jp2/c - a) (p -pVaf 

«(c-p2/a)(l>Vc-l>«/a)(l>-a)^ 

i.e. if (c-a) (jp^-oc) {c^-j^^ 

= (ac-i)2)(|)2a-i)2c)(i)-a)2, 

i.e. if(a-c)jp2(a-l')^«l>Ma-c)(a-i>)2. 

Ex. 16. Let Qi2 cut AO at ^ and the 1 bisector of QAS 

at T. Then (T^, QB) is h©, .'. the polar of N passes through 

T. Also it is ± OJV: Hence it is TA. Hence u4, ^ are 

inverse pt& w. r. to the O, .*. ^ is a fixed pt. If, however, 

qB 1 AO, then Tis a fixed pt. 



PaH I 87 

Ex. 16. Let the 0» be a and &, being on a. Let a | 
through cut a again at P and 6 at Q,i^. Then if (OP, Q2?) 
is hP, P lies on the polar, pj of w. r. to h. Henoe P is one 
of the int™ of p and a. 

Ex. 17. Let ^Q out the O again at 2/ and PE at Z. 
Now Q is the pole of Pi? . •. (QX, AIT) is h©, . •. P {QX, AI/) 
is ho. But P (QZ, ^D) is h« by hyp. Hence PD and 
Pjy coincide. Hence 1/ is at D (or C), i.e. -AD (or -AC) 
passes through Q ; and so on. 

Ex. 18. Let the centres of the polar 0> be U, U^^ U29 U^ 
and radii s, Si, 8^, s^. Then Z7, {7^, 272, ^3 ^re at 
JT, A, B, a Also 8^'mHA.HD, Sj^^AH.AD, s^^ 
= BJJ. JJJS7, «3« = Cff. CJ: Now UU^^ - <2 + ^j2 if ^jy2 
« flii . HD + AH. AD, i.e. if ^JJ « AD + DH; which is 
true. Hence the O" u, Ui are ±. Again, 11211^^=^8^ 
+ 532 if BC^ = BH.BE+ CH. CF, i.e. if JJC^ ^BD.BC 
+ CD. CBj Le. if BC = B1) + 1)C; which is true. So for 
the rest. 

Ex. 19. Let EQ cut DJTat H. Then Z^ » HJDE-^ HED 
^TAG^UAG (if -AT, AU touch &, c at A)^TAU 
= 90°. 

Ex. 20. The three radical axes concur. Hence if AB^ CD 
meet at 0, OP is the common tangent at P. Also OP^ 
s= OJ. . OJ? is const. Hence the locus of P is a O with 
centre and radius VOA . OB, 

Ex. 21. As on p. 136, the 0« QAB, RBP, PCQ meet at 
a pt., 0, say. Then A'B' 1 OB and A'C 1 OQ. Hence 
^' = 180°- QOB = ^ ; so JB' = J?, C = a 

Ex. 22. Since lAPX = ^P'Z = 90°, Z is on the O 
APP' and ^Z is a diameter. Hence ABX » 90°. Hence 
the locus of Z is the 1 ^Z to ^J? at B. 

Ex. 28. Let the given O cut a fixed O through A, B in 
Cy D and the required O through A, B in P, Q. Then if 
ABf CD cut at 0, PQ passes through 0. Hence we have 
to draw through the fixed pt. the chord PQ of the given 
O so as to be of given length. Let ^, 6 be the centre and 
radius of the given O and EB the 1 from E on PQ. Then 
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ES^ ^e^-PS^ lA known since PB^ ^PQ. Hence ER is 
known. Then PBQ is a tangent from to a O with centre 
E and radius EB. 

Ex. 24. Let the 0> intersect at A, B, and let XY pass 
through A. On XT take the pt. Z which divides ZF in 
the given ratio. Let the O ABZ cut any other position 
X' Y'of ZFat Z\ Then, by p. 96, X'Z'iZ'Y':: XZ:ZY. 
Hence the locus of Z' is the O ABZ. 

Ex. 26. We know (p. 21) that J is the o. c. of the 
A Ji Jgis. Hence the O ABC is the N. P. C. of the A Jj Jg J3 
and hence bisects IIu &c. 

Ex. 26. Let the N. P. C. cut AH at Z. Then AH 
^2. AX. Hence the locus of ff is homothetic with the 
locus of Z, L e. is a O of twice the linear size of the N. P. C. 

Ex. 27. Let HA^ cut the circumO at P\ Now H is the 
external c. of s. of the circumO and N. P. C. and Ay P' are the 
pts. on the circumO corresponding to the pts. Z, A' (p. 24) on 
the N. P. C. Hence AP' is a diameter of the circumO, 
since XA' is a diameter of the N. P. C. Hence P' is P. 
Hence A'P passes through H ; so B'Q, G'B. 

Ex. 28. Let the variable O x touch the fixed O a and let 
the tangent OT to a? from the fixed pt. be const. Then x 
is X to the fixed O h with centre and radius OT. Now 
see p. 114, Ex. 1. 

Ex. 29. Call the 0« x, y, z. Invert w. r. to A. Then x 
inverts into a | x' passing through JB', C\ L' and ± BfAL' ; 
and so on. Hence A is the o. c. of the A B'Gjy, Hence 
the O LMI! inverts into the O L'WB', L e. into the N. P. 0. 
of B'C'jy. Also Z is the other int« of the 0» ABC, LMN. 
Hence its inverse Z^ is the other int^^ of B^C with the 
N. P. C, L e. T is the centre of B'C ; so for T, Z\ The 
Ob ADX, ABY, ACZ meet again if iyx\ B'T, C'Z' concur, 
i e. if the medians concur. 

Ex. 80. Invert the four O" Ci, C2, C3, C4 into the con- 
centric Os ai, a^y Os, a^ with centre and radii r^ , rj, rs, fi* 
If C» Ci» C2» C3 are the inverses of P, Pj, Pg, P3, then (Ji 
is the inverse of Q w. r. to ai, &c. Hence Qi, Q27 Qs U® on 
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Oq and we have OQ. OQ^ = n^, OQi. OQ2 « r^^ OQ^. OQ^ 
^r^% Oq^.OQ-^U\ And this is possible if OQ/OQ^ 
= r^lr^ = r^V^s^* Hence r^ is given by r^ = rj r^r^. 
Hence a^ is known. Inverting back, we get C4. 

Ex. 31. Let the given figure /be generated by the pt. P. 
It is sufScient to prove the theorem for P. Let P^ be the 
inverse, of P w. r. to the O a and Pg of P^ w. r. to the JL 
O h. Also let P3 be the inverse of P w. r. to h and P4 be 
the inverse of Pg w. r. to a. We want to prove that P4 
coincides with Pg. Invert the O^ into L\^ x,y. Then if 
P inverts into Q and so on, Qi is the reflexion of Q in a; 
and Q2 of Qi ^ ^* ^^1^0 $3 i<3 ^^ reflexion Q in ^ and 
Q^ of Qs ^ ^* Hence Q^ and (^2 coincide by inspection. 
Hence P4 and P^ coincide. 

Ex. 82. Let OP, OQ cut c' again at P*, ^. Then P', QT 
are homothetic pts. of P, (J w. r. to 0. Hence P'^, PQ are 
homothetic chords. Again by the quadrangle construction 
for the polar jp' of w. r. to (f, P^Qf', P'Qf meet on p\ i. e. 
P^^ passes through jB'. Also p\ p are homothetic | s. Hence 
i?' (the int'^ of P^QT, pT) is homothetic with B (the int^ of 
PQ, p). Hence BR passes through 0. 

Ex. 88. Let the O x touch the O" a, h of whichX, JIf are the 
limiting pts. Invert w. r. to M. Then a, h become concentric 
O^ a^y V and of becomes a O touching a', If in a given 
manner. Hence the locus of the inverse of L' (which is 
now the centre of <jI, V) w. r. to oif is got by rotation about 
V and is .'. a O concentric with a^ V, Hence the 
inverse of X describes a O of the system. 

Ex. 84. Invert the coaxal O* into concentric O". Then 
evidently the locus of the inverses of A w. r. to these O^ 
with centre is the | OA. Hence in the given figure the 
locus is a O. 

Ex. 85. Consider Ay B, C7as pt. O* Ci, O2, c^ and call the 
other O, C4. Then since the O ABC touches Cj, Cg, C3, C4, 
we have, by p. 130, 12 .84±14. 23 + 13. 24 = 0. But 
14 is the tangent firom A to C4; i.e. 14 = ti, and so on. 
Also 12 = ABy and so on. Hence AB . ^3 + ^1 . BC 
±OA.t2='0. 
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Ex. 86. Since ilf « X » 90^ O3 bisects PO; so Oi bisects 
PA and 0^ bisects PB. Hence A OiO^O^ is half A ABC 
(linearly). 

Ex. 87. Since BA, AD and /.BAD are known, BD is 
known. Hence quad. ABCD is greatest when A DBC is 
greatest, i.e. when LDBC « 90**. 

Ex. 88. Let the given perimeter be APQ ... B^ AB being 
the given base. On AB and on the same side of AB as 
APQ ...By describe the O^ arc AP'(^ ... B having the given 
perimeter; and let the arc ALB complete the O. Then 
the two figures APQ ... BLA and AP'f^ ... BLA have the 
same perimeter; hence area AP'Q' ... BLA > APQ ... BLA 
(by p. 189), .-. area AP'(^ ... B > APQ,.. B. 

Ex. 89. Let P' be a consecutive pt. to P. Then 
APiPBiiAP'iP'B. Hence li E, F divide AB so that 
AE: EB::AP:PB::AF: BF, the O c on EF bb diameter 
passes through P and P\ i.e. ult^y touches the given O at 
P. But (ABy EF) is h^, .-. the O ABP is ± c and /. to the 
given O since this touches c at P. 

Ex. 40. Let CB -=^ x, PR = y, and CP = a, .-. a^^-if^^ a\ 
Also (a? + y)2 = 2(ar2 + y2)-(a;-y)2 = 2a2-(5?-y)2 which is 
greatest when x^y. Hence PB = BC, .-. L CPQ = 46°. 

Ex. 41. Let PQ be the chord of the outer O (centre 0) 
which touches the inner O (centre J) at X. From draw 
OYIPQ. Then since P(2 = 2. Pr and Pr2+r02=0P2, 
PQ is greatest and least when OT is least and greatest. 
Three cases arise, (i) inside the inner O. Draw OZ 
1 IX. Then OY^IX±IZ. Hence the least value of 
OT is IX - 10 (which is + since IX > 10) and the greatest 
value is IX + 10. Let 10 cut the inner Q Ki A^ B where 
A is nearer to 0. Then OY is least and PQ greatest when 
Z is at ^ ; and OY is greatest and PQ least when X is at B. 
(ii) outside the inner O. Then when PQ passes through 
0, PQ is greatest, being a diameter. Also OY has a max. 
and .'. PQ a min. when Z is at ^ and at B ; but PQ is least 
at B. (iii) on the inner O. Then the tangent at gives 
the greatest value of PQ and that at B the least. 
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Ex 42. We have to inscribe in the A ABC a A PQR 
whose sides shall be || to those of the A P^QfB^. Through 
P', qf, Bf draw Iff a, C'A% A'S || BC, CA, AB. Then 
draw the figure ABCPQB similar to the figure A'B^O'P'qfX. 
To do this, take P on J5C so that BBiPCiiB^B" iP'C, 
and so on. 

Ex. 48. We are given LBAC and B, r. Take a O with 
any centre I and radius r. Draw tangents AB, AC to it, 
making an angle A with one another. Let AB touch at 2 
and suppose AB touches the O escribed to BC at Y. Then 
XY^AY-AX = 5 - (s- a) = a = 222 sin J. which is known, 
and .*. F is known. Now take AZ on AC equal to AY. 
Then the escribed O (viz. the O touching AB, AC B,i Y, Z) 
is known. Now BC is either transverse tangent of the O*. 

Ex. 44. A particular case of p. 154, Ex. 2, if we notice 
that {PAB) + (PAB) + (PAB) + (PCD) + (PCJD) + (PCD) 

+ (PCD) is given. 

Ex. 46. Let PQ \\ BC bisect ABC Then A APQ : A ABC 
: : 1 ! 2 (by hyp.) : : AP^ : AB^ (by similar A^). Hence AP 
= AB I ^2. To construct this, draw the square ABDE 
and let AD, BE cut at F. Then AF = FB. Hence 
AB^ = AF^-^FB^ = 2AF^, .-. -AP = AF. 

Ex. 46. Take the square ABCD. With centres ii, 
B, C, D and radii equal to ^AB, describe O". These 
touch one another. Let AC, BD cut at E. Produce EA, 
EB, EC, ED to cut the O* at L, M, N, B. Then EL = EM 
= EN = EB. Hence a O with centre E and radius EL 
will touch the four O^. Now take the given O with centre 
E', and draw the figure L'MlTBfA'BVD^E' similar to 
the figure LMNBABCDE. To do this take L'E'N' \\ LEN 
and determine A' by L'A' : A'E' : : LA : AE, and so on. 

Ex. 47. We are given that LBAO ^ CAB and LBAB 
= 0(22i and we have to prove that AP . A(i = AB . -40, i.e. 
that AP/AO ^ AB/AQ, i.e. that the A» ^PO, iiJ?(2 are 
sunilar. Now Z PiiO = BAQ. Also LAOP ^ OAQ + ^(JO 
= P^i2 + ^Q0 = OgU + ^QO = AQB. Hence the A« are 
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Sx. 48. Let XY meet BCy BA at X, Y, he L EC, and 
biaect A ABC. Then BX.BY^^ BC. BA. But BX/BY 
= JBD/B^ if AD L BC. Hence (multiplying) BX^ 
« i J?C. BJD = J?^'. J?2) if A^ bisects J?0. Hence Z can 
be constructed. 

Ex. 49. Bisect PQ sA R Then iiP. ^§ = (^i?-i?P) 
{AE'^EP)=-AB^''BP^. 'NowAP.AQ==AO.AD(i{AC 
cut the O again at D) since Q = C ^^ 90° ; also BP is given. 
Hence AB is known and .'. AP and .*. P. In fiict if BP = c 
and AC = a, ^22 = Vc^-\-2a^ which can be constructed by 
p. 160. 

Ex. 50. We are given the angles B, C and the perimeter. 
Take any base B'C and make Z C'B'A' = -B and B'CA' 
= C. Then the A» ^50, ^'JB'C are similar. Hence 
BCiB^C II AB^BC'VCAiA'B'^B'C'+CA' gives the 
length BC. 

Ex. 51. We are given a, ^^ and &c. Hence area ^£(7 
= ^ &csin^ is known. Now take BC = a. Then A is the 
int^ of two loci, viz. of the arc on BC containing the angle 
A and the || to BC at a distance p from it such that 
pa = be sin A. To construct p, take &^ and c' at angle J. 
such that hV has the given value. Then describe on BC 
a triangle BCA" of the same area as A'B^C Then the 
II to BC must be drawn through A". 

Ex. 52. We are given BC^ A, and c-b. On BA take 
BD^BA-AC so that AD = AC. Then J?2) is given. 

Also LADC^ACD, .-. J?2X7= 180°-(90°-~) = 90° + ^ 

is known. Hence 2) lies on two O" and hence is known. 

Ex. 58. Rotate B about I until the two planes coincide 
and A, B are on opposite sides of I. Then of course 
A^PjB must be coUinear. Now rotate back again. 

Ex. 64. Let the 1 8 be 2, m. Through any pts. on Z, m 
draw l\ m' || m^ I. Then the planes Im' and Vm are ||. Take 
a fixed position XT' of XY. Through the centre Z' of 
X'Y' draw the plane p || planes Zw', Tw, cutting XF at ^T. 
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Then XZ:ZT:iX'Z':Z'T\ Hence i) bisects XY. Hence 
p is the locus required 

Ex. 55. Suppose, in the tetrahedron ABCD, that BAG is 
obtuse. Ifow IB AG + BAD >DAa Also BAG ^BDG, 
BAD ^ BCD, DAG ^ DBG, .\ IBDG+BGD> DBG, 
.'. ISOP-DBG > DBG .\ DBG < 90°. 

Ex. 56. Let the 1 from A on BCD be A6. Then, by 
symmetry, G is the centroid of the equilateral A BCD, and 
AG 1 BO. .-. 4:BE^ = 4tBG^+ WEK But 

B6 - I . Bi (if J?X 1 CD) = 1^0/3/2 = BG/VB 
and 4tGE^=^Aa^== AB^ - BG^ 

. \ 4BE^ = 4 JJCV3 +^-B2 _ jjcf2/3 « ^^2 + 5(72 
= 2JJC2 = 4CE2 = 4:DE^ similarly. 
Hence BE^+ CE^ = 2BE^ = BC^. Hence BE X CE; so 
CE ± DE and 2>£ ± J5J&. 

Ex. 57. Let L, M, N, B on OA, OB, OC, OD be such 
that LMNR is a ||i». Then the three planes OAB, OGD, 
LMN intersect where LM, BN intersect, L e. at infinity. 
Hence LM, BN are || to the int" x of the planes OAB, OGD ; 
so MN, X2Z are II to the int"" y of the planes OBG, ODA. 
Hence take any pi L on OA, draw LM \\ x, MN || y, NE \\ x. 
Then LB || y because LB, MN, y (being the int»» of OBG, 
OAD, LMNB) concur. 

Ex. 58. Let the ||m be PQB8 (P on AB, Q on AG, B 
on CD, 8 on DB). Then PQ/BG = AP/AB, .% PQ = 
AP.BG/AB. AlsoP8/AD^BP/AB, .-. P8^BP.AD/AB. 
Hence perimeter = 2 (PQ + PiSf) = 2(^P+ J?P) BG/AB (since 
J?a - -AD) = 2^B . BG/AB -^2BG; which is const, for 
sections || AD, BG. 

Ex. 59. PX, QY by symmetry are X the diameter AO 
and .'. pass through the pt. I at infinity in a direction X OJ.. 
Again if QX, PY meet at B, the AIAB is self-conjugate 
w. r. to the O. Hence AB is the polar of I, •*. i? lies on 
0A» Also ii, B are conj. pts., .*. i? is the pt. inverse to A 
and .*. fixed. 

Ex. 60. This is the same as p. 73, Ex. 7. For the O 
with centre P and radius ^1 is X to the given O ; so for Q. 
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Ex. 6L They form the coaxal system X to the coaxal 
system determined by c and I. Hence they pass through 
the limiting pts. of the latter system. 

Ex. 62. As on p. 17, LB « XJ » LC ; hence Oi is at L, 
i.e. Oi is on O ABC. So for O29 0^. 

Ex. 68. We know (p. 21) that I is the orthocentre of 
J1J2J3. Hence ABC is the N. P. 0. of J^ 72/3. Hence K, 
the centre of I^Izi is on O ABC. 

Ex. 64. i^i = AB/2 sin ADB and B2 « AC/2 sin ADC. 
But i?i = B2 and sin-42>5 = sin-ADC .'. AB = -AG 

Ex. 65. H is the external c. of s. of the N. P. G. and the 
drcumO. Hence MN is homothetic to A^D and .*. || BC. 
Hence the pt. is at infinity. 

Ex. 66. Let the O with centre be called h. Invert the 
O c (through AQBO) w. r. to O b. Then c inverts into 
the I through Af B. Hence Q inverts into P, i. e. P and Q are 
inverse w. r. to O b. Hence the polar of Qw.t. to h passes 
through P. 

Ex. 67. Let TT^ pass through the c. of &, 8. Then the 
figures ATBj A'TB/ are homothetic w. r. to 8 and are .'. 
similar. 

Ex. 68. We are given a;-y = 2a and xy^b^j 
• •. a? + (-y)==2a and a;(-y)= -ft^^ Hence x and -y 
are the roots of the quadratic fs^-2(Uf-h* ^ 0, 

Hence the construction. Take PQ L PR of lengths a, h. 
Then QR « VcFT^. With Q as centre and a as radius 
describe a O cutting BQ at X without, and Y within, RQ. 
Then RX^^RQ + QX^ ^cfi + h^-^-a «= a; ; so i?r = y. 
Ex. 69. We are given x + y = 2a, o^ + y^ = ^h% 
.'. 2xy--(x-\-y)^-(x^ + y^--4:a^'-4:h^. 
Hence x, y hre the roots of the quadratic 

is2-2a^+2a2-2&2«0, .-. = a± v^^ft^T^, 

.-. a;«a+ v^26^-a^ y = a- v'262.a2, 
which can be constructed by p. 160. 
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Ex. 70. Since the base BC and the area are given, the 
locus of il is a II to BCj I say. Produce BA to D making 
AD = AC, .-. BD ^BA + AC which is known. Also a O 
with centre at A and radius AC will touch the O e with 
centre at B and radius BJD. Hence A is the centre of a O 
drawn to pass through C and to touch e and to pass through 
the reflexion of (7 in Z. 

Ex. 7L By p. 86, Ex. 8, ^J5« + J5C« + CZ)2 + D^2 
= ^C2 + i?2)2 + 4J5;i?'2«^C2 + J?2)2byhyp. Hence^F-0. 
Hence E bisects both AC and BD, Hence AE, EB = CE, 
ED and E^E, .\ LABD^BDC, .'. AB \\ CD; so 
-BCII^D. 

Ex. 72. In p. 87, § 9, put mi » 1, nig » - 1, nia » 2, 
WI4 « ... = 0. Then 

P42 _ pjB2 + 2i«f2 « ©^2 - GJ52 + 2ffC2 + 22^, 
O being the centroid of 1, - 1, 2 at A, J3, C. Hence F&^ is 
const. Hence the locus of P is a O with centre at O. 



78. Bequired to place PQR with P on OA, Q on 0^, 
JB on OC Place the APQB in any position, say F'Q^Bf. 
On P'Q^, Q'ii^, and on the proper sides of them, describe 
arcs of O* containing the angles AOB, BOC. Let these 
arcs meet at (/. Then make OP » 0'P% OQ = (/Q^y OB 
= Cir. Then since OP, OQ = CP', (X^ and IPOQ 
- P'O'C', .-. -P« - P'Q^; so QJB = Q'jB'; and so BP^BTP" 
since POJB = POQ-^QOR = P'O'Q^+Q^O'B' - P'O'ii'. 

Ex, 74. Area GED/ares^ BED = (^Jf . CD) /(FN. BD) = 
(Jtfa. AD)/(BN. AD)hY similar triangles = CMiBN. 

Ex. 75. P^ :PP : : ^C : B^ :: a : &. Now see p. 68. 

Ex. 76. By p. 77, Ex. 1, find the locus of P such that 
lAPB » BPC and also the locus of P such that Z.BPC 
^ CPD. Then P ia an int"" of these locL 



77. With the figure of p. 24, the N. P. C. is the O 
on A^X as diameter. This always touches the O with 
centre at A^ and radius A'X ; and this is a fixed O, because 
A^X s 22 which is known, since JB ^ a/2 sin A. 
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Ex. 78. This is a particular case of p. 164, § 11. 

Ex. 79. Required, in ABC, to inscribe PQE of given 
shape, so that P, Qy B shall be on BC, CA, AB and PR 
1 BC. Take F'Q^B' of the given shape and through P^ 
draw B'C 1 P'R. Through Q', B^ draw Q'C, B!Bf making 
angles (7, B with B'G\ Let (J'C, i^JT meet at A\ Now 
draw the figure ABCPQB similar to the figure A'BfC'P'qrB^. 
To do this, take P on BO so that BPxPCwB^P' xP'C\ 
and so on. 

Ex. 80. To describe the A OPQ, so that shall be a 
given pi and P, Q be on the given G^ a, & and OP = OQ 
and P0(2 = 90°. Take P anywhere on a ; and draw 0^ = OP 
and ± OP. Then by p. 155, § 2, the locus of Q is a known 
O, c. Hence Q is an int° of &, c. 

Ex. 81. Take any position of P on the first O, and take 22 
on PA produced such that PA : AB is equal to the given ratio. 
Then the locus of i? is a O by p. 101, § 5. Then Q is an int<^ 
of this O with the second O. 

Ex. 82. Drop the L^ p and q on AB, CD. Then we are 
given that jp . AB ^ k.q. CD where A; is a const, .\p ^ c.q 
where c is a const. Now see the solution of Ex* 7, p. 155. 

Ex. 83. Since XE. XF = XB. ZC, X is on the r. a. of 
the N. P. C. and circumO ; so F, Z. Hence XTZ is the 
r. a. HenceXrZlM),i.e. ie£r(p. 102). 

Ex. 84. Let the \» be AX, BY, CZ. Then IBAX = 
90°-^FJ5; = 90°-C. Hence AX passes through 0; for 
(see p. U) ZJ?^O = 90°-4^OJ5«90°-iiCB«90^-a 
So BTj CZ. 

Ex. 85. Invert w. r. to A. Then we want the locus of 
the intn of the |« P'B^ and QfS', given that P'AQ^, B^AST 
are chords of a O. But P'K, Qf^ meet on the polar of ii. 
Hence in the given figure the locus is a O through A. 

Ex. 86. Suppose we require P, Q, ^ to be on OA, OB^ 
OC and QB, JBP, PQ to pass through i, M, N where i, 
JIf, ^ are collinear. Take P anywhere on OA ; let PJW cut 
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OB at Q and let PM, QL meet at R. So construct P'(/B'. 
Then since the A> PQB, P^Q^ff are coaxal, they are copolar, 
i. e. BBf passes through 0. Hence taking B^ as fixed and B 
as Tariabloi if we attempt to construct the required triangle, 
B always lies on OB^ instead of OC. Hence if OB' coincides 
with OOf the problem is indeterminate since we can take P 
anywhere on OA. Otherwise it is impossible. 

Ex. 87. The centres of the 0» ADXy BEY, GFZ bisect 
AX, BY, CZ since D = J^ « JP - 90^ But X, Y, Z are 
collinear by Ex. 88. Hence the centres are collinear by 
p. 90, the sides of the quadrilateral being BC, CA, AB 
and XYZ. 

Part II 

Ex. 1. (i) Let N bisect CD and let be the centre of the 
O. ThenAH^^2.0N^BH^. Hence ^fla = a^^^ II -SJ^n 
.'. H^H^ » and || AB] so H^H^ ~ and || BG, and so on. 
Hence ABOB and HiH^H^H^ are seen to be congruent 
on drawing the figura (ii) Again N&i » ^ NB and ^6^2 
- ^NA, .-. a^Q^ II AB and = ^AB. Hence GiGz^^^O^a » 
similar to ABCD and . *. to H^H^H^H^. 

Ex. 2. Draw OZ ± PQ. Then the 0» on OP, OQ pass 
through Z ; and so for OQ, OB and OB, OP. Hence the ) is 
the pedal | of w. r. to PQB. 

Ex. 8. Draw NQM || £0. It is sufficient to prove that 
NQ « QM. Now P^Z^T is cyclic, smce LPQN^ PZN 
(« 90*') .-. IPNQ = PZQ = PZr= P4r (since PZAY is 
cyclic) »^^«PJIfQ similarly. Hence in the A" PQN, 
PQM, we have IPNQ^PMQ, PQN ^ PQM (« 90°), 
PQ^PQ, .-. NQ^QM. 

Ex.4. Letthefourpts.be^,J?,0,D. Let X, itf, ^, P, Q, /^ 
bisect ^J?, J?(7, CD, JDA, AC, BD. We want to prove that 
the O- MNB, PQN, LPB, LQM meet in a pt. Let the 
O^ MNB and LPB meet again at X. It is sufficient to 
prove that the O* PQN, LQM pass through X O PQN 
passes through X if I PQN = PZJV^. But IPQN^m ADC 
since Pi? || DC and (JJV' || AD and LPXN^ 360'' -PXR 
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-BZjY = PLB + BMN » ADB^BDC ^ ABC. Hence 
O FQN, and so LQM, passes through X 

Ex. 5. The arc BAO is known since BC and angle A are 
given. Now the O ABO is the N.P.C. of 1112/3 and hence 
cuts J2 J3 afc the centre M^ of Jg J3. Now 2/ is on 4J (p. 18) 
and iilitf" = 90° (Le. LM' is a diameter) ; hence jr(« 2tf) 
bisects the arc BAG. Hence, if (X is the centre of the O 
JiJaJa, JJi =2. (yjf (for Aff = 2. Oil' on p. 23) .-. M<y 
^^IIi=^ LC. But M is known and also 1X3^ Hence the 
locus of (X is a O. 

Ex. 6. With the figure of Ex. 1, the pedal | a of ^ w. r. 
to BCD bisects AH^ ; so the pedal | of £ w. r. to AGD 
bisects BH^. But ABH^H^ is a ||<i^. Hence the centres of 
AHij BH^ coincide in Z, say. Hence a and h pass through 
X, So h and c pass through the common centre of BH^ 
and CH^, i.e. c passes through X ; and so d. 

Ex. 7. With the figure of p. 26, Ex. 6, let O^, O^, Os, O4 
be the centres of the O^ ABC, AEF, CDE, BBF. Then 
PD is a common chord of 0> 8, 4 ; hence 0^0^ X PD. So 
O4O1 1 PB. Hence Z O3O4O1 = ISC'- PPD ; so Z OiOs^s 
= APE. Hence O3O4O1+ Oj OgOg = 180**, since ZBPD 
= BFD = ^P^. 

Ex. 8. Let OA, OB, OC, 0A\ 0B\ 00' meet JB'CT, 0'A\ 
A'B^y BC, CA, AB at X', T', Z', Z, F, Z. Then we are 
given that X\ Y', Z' are coUinear and we have to prove 
that Z, r, Z are collinear. Since Z', T, Z' are coUi- 
near, by p. 41, Ex. 5, sin P'OZ' . sin C'0^^ sin il'OZ' 
= sin COX' . sin A'OY' . sin B^OZ'. Now B^OX' = YOA, 
and so on. Hence sin AOY . sin BOZ • sin (70Z 

« sin^OZ. sin BOX . sin COF. 
Hence by the converse, Z, Y, Z stre collinear. 

Ex. 9. Using the same converse as in Ex. 8, we have to 
prove that 

sin BOD . sin COE. &iTiAOF = Qin COD. sin AOE.BinBOF. 
But sin BOD » sin BOA' = sin ^OP^ » sin AOE and so on. 

Now substitute. 
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Ex. 10. By p. 47, Ex. 1, CQ is 1 to the isogonal of AP 
w. r. to AB, AC. But BA' : A'C ixBA: AQ, .-. OQ \\ median 
AA\ .*• AA' is ± isogonal of AP and .'. its isogonal AK is 
± ^P. Hence AP is 1 symmedian ii JT. 

Ex. 11. Let the proj^^' of K on BC, CB, AB be i, Jf , iV: 
Then KLiKMiKN ::a:h:c. Hence area irXJlf:area 
JOfJV^::a6sinC:&csin^::l:l. Hence KLM = KMN 
« £2VX similarly. . Hence K is the centroid of LMN. 

Ex. 12. Let X2 be the Brocard pt. of PQB for which 
LBQa^QPQ.^ PB€l^(^. Then ZQXli? = 180^- a>-(i? 
-0)) = 180° -i? = 180° -a Hence qCLBC is cycUc, and 
so on. Hence LBA 12 = PBX2 = co = ^0X2 = CBI2 similarly. 

Ex. 18, In the figure on p. 60, we have to proye that 
^By aA% yC concur. Li the second figure fiB is a || to 
AA^ through B, a A' is a || through A' to BB^ and y (7 is 
a II through y to AB> Let the first two || « meet at P, Then 
we have to proye that yP || AB. But yP, being a diagonal 
of the ||>» PByA\ bisects A'B and is .'. || AB since y 
bisects A' A, 

Ex. 14. Since Z T^O ^ AfC^ TJ. is || to antiparallela toL 
BC. Draw the antiparallel B>C^ through JT. Then K 
bisects B'G\ Hence il(JB'C', ITZ) is h^, I being at infinity. 
Hence ^(J5C, ITT) is h^ since iir II B'C. 



15. Let BF meet BC at X Then JI?C is a diagonal 
of the quadrilateral F^J^^. Hence (£C, 2>Z) is h<:. Hence 
P is X Now see the solution of Ex. 83, p. 185. 

Ex. 16. With the figure of p. 62, project TJY to infinity. 
Then ADCB becomes a ||™ whose diagonals AG^ BD meet 
at W. Also 27 is on ^£ and OD, and 7 on J9(7 and ^2>, at 
infinity. Let X, JIf, JV, BjX^ F be the six pts. in question 
on AB, BC, AB, CB, BD, AC. Then LM \\ AB, NB \\ AB 
and Zy r are at infinity. Hence AL : LB : : AN: NB, 
.-. LN II BB, i.e. L, N, X toe coUinear, So M, B, X and 
X, B, rand N,M,YBre collinear. Hence L, N, X, Y, B, M 
are the six yeriices of a quadrilateral. 

o 2 
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BiL 17. Take as origin. Then.& = -a and ed - aK 
AlsoOO'^a; = i(0C+02)) = i(c+eQ. Hence 

CO = -c, C(y = a;-c-4d-4c = i (aVc-c) 
= i(«-<^) (« + <^)/c> BO = a 
BO" = a:+ a = Jc + ^d+ a = 4c + iaVc + a = ^(a + c)yc. 
Now we have to prove that AC. BO . BO" -= BD.CO. CO" 
or (c-a)a.4 {a + cY/c 

^{aia-^- c)/c] .(-'C).^(a-c)(a'\^ c)/Cj which is true. 

Ex. 18. Let AP cut the O again at Q. Let the polar of 
A (which passes through B) cut AP at N. Let ^P, CR 
cut at Z. Then (ilJV; P$) is h^ and NBA = 90°. Hence 
Z Q^it = PBA = 2?aB (by reflexion). Hence QB \\ XC, 
. '. AX :AQ:: AC: AB which is const. Hence locus of X 
is homothetic with locus of Q and is .*. a O, :r. Also A^ C 
are homothetic to A, B. Hence A, C are inverse pts. w. r. 
to X, since A, B are inverse w. r. to the given O. Again if 
AP^ cuts CR at X\ we prove as above that AX^:A<y 
: : AC : AB. Hence Z' lies also on x. 

Ex. 19. Let the tangents from A meet QP at L, M. Let 
the other tangent from L cut BQ at B'. Then the pole of 
LQ (viz. 72) lies on LB ; also X^, ZJ?^ are the tangents 
from L, Hence I^AB'^ QR) is h^. Hence B' is J?, Le. the 
other tangent from L passes through B) so the other 
tangent from M passes through B. Let A L, BM cut at X and 
AM, BL at Y and XF, AB at R' and Zilf, ZY at P\ Then 
(^5, QiJO is he by p. 60, .-. K is R. Also RQP' is self- 
conjugate by p. 76. Hence P' is P. 

Ex. 20. Oil^ J72> are J." from the foci on the tangent 
BC. Hence A\ D, and so on, lie on the auxiliary O which 
is .*. the N.P.C. whose radius is ^ R. Hence 2a — R. 

Ex. 21. To draw a O through ^, P to cut CD Wf. 
Suppose the int«» with CD are Z, Y. Then O ABXY is 
± O on CD as diameter. Now see p. 92, § 13, Ex. 1. 

Ex. 22. On the given O a to find two pts. P, Q such that 
Aj P, P, Q, and C, D, P Q shall be concyclic. Let any O 
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through Aj B cnt a in E, F; then AB, EF, PQ concur. 
Let any O through 0, D cut a in 0, H. Then CD, OH,PQ 
concur. Let ^^, £!Fmeet at Z7and CD, OHat F. Then 
177 cuts a at P, Q. For UA.UB^ UE. UF^^ UP. UQ, 
*•. ABPQ is cyclic ; so CDPQ. 

Ex. 28. Let (1, 2) denote the r. a. of t^ and i^^ and so on. 
Then (0, 1) ± 11^ and (2, 8) 1 Jg/g. Hence (0, 1) ± (2, 8), 
and so on. Also (0, 1) (1, 2) (2, 0) concur, and so on. 

Ex. 24. With Sy one of the pts. in which OA cuts c, as 
centre, form a figure homothetic to c, taking to correspond 
to A. Then O c\ homothetic to c, touches c at & Also 
the tangents to cf from are homothetic to the tangents 
from Aixic and are .'. || to these, i.e. are Z, m, 

Ex. 25. See the figure of p. 60. Let J, r be the centre 
and radius of the given O and 0^ 0^, O3, 04and Bi^B^fB^, B^ 
the centres and radii of the 0« ABC, AVC, A'BC, A'BTC 
which meet again at P. Let S be the external c. of & of 
ABC, AffC. Then S is the centroid of B^ at Oi and - Jf?i 
at O2. Hence if X is any pt. we have, by p. 86, B^ • XO,^ 
--Bi . ZOa^ = B^.SO^^-Bi . SO./+(B^'B^) SX^. Take Z 
to be P, .-. ZOi = -Bi, ZO2 = B2, .'. BiBj^-BiB^^ 
^B^.SO^^'-Bi.SO^^^iB^-B^) SP^. Take Z to be J, 
.'. ZOi« = OiJ2 = 2?i2 + 2jBir, ZOg^ ^ 0^1^ « jB2a + 2i?2r, 
.-. iig (l?i2+2JBir)-^i (^2^+2K2r)«K2./80i2-JBi.i8f02* 
+ (JB2-Bi) ST^. Hence 8P ^ SI. Hence S lies on the 
Jl bisector of P, J. So other cases can be discussed, noticing 
that we take the internal c of s, if the given circle is 
inscribed in one triangle and escribed to the other as in the 
case of Oi and O4. 

Ex. 26. It is sufficient to show that (AL\ BM% CN% 
{AL' BM, CJV), (AL, BM\ CN), {AL, BM, CN") concur, 
X, M, N being the external c> of s. AL, BM, CN^ concur if 
BLfLC .CM/MA . AN'/ITB ^ I, i.e. if -h/c, -c/a.afh 
= 1 ; which is true. So for the rest. 

Ex. 27. Let I be the centre and r the radius of the fixed 
-Inner O. Let AI cut the outer fixed O again at £. Let 
Tj r' be the centre and radius of the inscribed O. Then 
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AI.ILis const. Also AI' . rx = 21?/ (p. 17) and AIiAl' 
;:r:r^. Hence il : xr « 1/J.Z : r'/J. J' « r is const «», 
say, .-. ir ^IL.ik- l)/k. But I is fixed and i moves on 
the outer O. Hence I^ moves on a homothetic O. 

Ex. 28. We know that the centres L, M, N of AA\ BS^y 
CC are ooUinear. To prove that C is on the O of s., we 
may show that GLiCM i: AL.BM, i.e. that CL/LA 
= CM/ MB, i.e. that the A« CLA, CMB are similar. Now 
(see fig. of p. 60) the A« GA'A, CB'B are similar; for 
jLCA'A « CB^B and 0=0. Hence ^CAA' « CBB" and 
CA:AA'::CB:BB', .-. CA :AL :: CB :BM. Also 
Z GidLX « C^ilf. Hence A» 0X4, CMB are similar. Hence 
is on the O of s. So OMs on the O of s. Hence the centre 
of the O of s. is on the JL bisector of CC^ and on LM and 
is . •. J^. Hence the O on CG^ as diameter is the O of s. 

Ex. 29. Let U, V be the centres of the O^ on ABy ACbs 
diameters. Let S, 8' be the c^ of s. Then (SS', UV) is h^, 
Hence the O of s., viz. the O on 88' as diameter, is X O 
-4.CrFand .-. 1 O 4J?0 which is homothetic with O AUV, 
A being the centre and 1 : 2 being the ratio ; for the 
homothetic O^ touch at A, which is on the O of s. 

Ex. 80. Invert w. r. to 0. Then a, b become |" a', M 
cutting at 2/ ; and X% 0, ¥' are collinear. The O through 
Bf X X a becomes the O on I/X' as diameter ; so 2>^F^* 
These ©s cut at P', the proj'^ of 1/ on X'Y\ Hence the 
locus of P' is the O on I/C as diameter. Hence the locus 
of P is the I through D 1 CD. 

Ex. 81. Let X, r, Z be the centres and AP, AQ, AR 
diameters of the ©s. Then since AP = 2AXy AQ = 2AT 
AjR s 2AZ, it is sufficient to prove that A, P, Q, B are 
concyclic. Livert w. r. to A. Then AB'C'B^ is cyclic. 
Also Ql the inverse of Q is the proj" of A on O'jy, and so 
on. Hence, by the pedal theorem, P\ Q', 2^ are collinear. 
Hence P, Q, 2?, and .*. X, T, Z, lie on a O through A. 

Ex. 82. Let the ©" AOP, BOQ cut at E. Invert w. r. to 
0. Then PY is still a diameter. Also the ©• AOP, BOQ 
become the |8 A'P\ B'Qf meeting at Bf. We want to prove 



Part II 103 

that the locus of JRMs a O through A', V which is X O 
^rjyp/^ Now LK = ISO^'-P'-V = 180°-.dL'P'B' 
~^P'^-jB'^P' = 90^-il'P'JB' which is const. Hence the 
locus of iT is a ©through J.', JB'. Again Z O^dL'P' = OP'^' 
= A'B'Bf. Hence 0-4' touches the O A'B'K. Hence the 
0» are ±. 

Ex. 33. Invert w. r. to the O itself. Then A inverts into 
the centre A' of LM and so on. Now Z LEM = 90^ 
Hence A'E^A'L^A'M. Hence A'G^ + A'B^ =^ A'O^ 
^A'l? ^01?^ jffO^ + B'E^ = ... similarly. Hence by 
p. 36, Ex. 1, the pts. A\ B\ ... lie on the same fixed O. 
Hence A^ B, C, D lie on the same fixed O. 

Ex. 34. Invert the O w. r. to 0, taking P' to correspond 
to P. Then the O inverts into itself, Q into Qf, (^ into Q 
and the int«^ B of the 0» OPQ, OP'Q^ into the int^ B" of the 
I" PV, PQ. But the locus of B' is the polar of 0, i. e. the | 
through (/, the inverse of w. r. to the given O, ± OC. 
Also the inverse of (/ is (7 (p. 112, Ex. 1). Hence the locus 
of JR is the O on OC as diameter. 

Ex. 36. Suppose we are projecting from the pt. (on the 
given sphere e) on to the inverse plane e\ Let V be the 
vertex of the tangent cone along the contour of the given 
circle c on the sphere and P a pt. on c. With V as centre 
and VP as radius describe a sphere 8. Then 5 is X sphere e. 
Let OV cut e' at V\ Then the inverse sphere 5' X plane 
e\ Hence its centre is on e' and also on OF and .*. at V\ 
Hence the inverse O c' (being the section of 5' and e^ 
also has its centre at V\ 

Ex. 36. For brevity let PA = a, and so on ; AB = BC 
= ... »»i>, BE^AC-= ... = g. Then from PABE 

ph ^pe + qa (i) 

so from P^DJE? pd^pa + qe (ii) 

and firom PAGE pc = qa-^qe 

i.e. 0= -ga+j)C-g6 (iii) 

Now add (i), (ii), (iii), .*. jpft+pd =pe+pa+pCj 
.'. 5 + ^= a + c + e. 
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Ex. 37. (i) Invert w. r. to the inner O. Then A inverts 
into A\ the centre of QB ; and so on. Hence the O A'VC' 
(viz. the N. P. C. of PQJB) is the inverse of the outer O and 
is .*. fixed. But this touches the O inscribed in JPQJR. 
Hence the O inscribed in PQ2Z touches a fixed O. Also 
(?', W of l?(iR are the c^ of s. of the N. P. C. and circumG 
of Ti^R, i. e. of fixed O^ and are .*. fixed, (ii) Invert w. r. 
to the outer O. Then if the A formed by the tangents is 
ILYZy the inverse "X! of X bisects BG and so on. Hence O 
XYZ inverts into the N. P. C. of ABC which touches the 
inner O. Hence the O "XYZ touches a fixed O. 

Ex. 38. By Ex. 23, i?i, B^^ B^, B^ form a triangle and 
its o. c. Also B^B^ and B^B^ cut at A\ the centre of BC, 
and so on (by p. 80, Ex. 4). Hence the N. P. C. of ABC (viz. 
A'VC) is the N.P.C. oiB^B^^ and . •. touches the required 0». 

Ex. 39. Let ulPQ ... ^ be the given figure on the given 
base AB and of given area. Let AP'Qf ... ^ be the O' arc 
of the same area. Complete the O AF'Q'BCA. Then the 
O AP'QfBGA and the figure AFQBCA have the same area. 
Hence by p. 141, § 10, perimeter A'P'(^BCA < APQBCA, 
i.e.A'P'QB<APQB. 

Ex. 40. Let the ±« from A, B on the tangent at P be 
AQ, BB. Draw the'±> PZ, Pr, PZ to the tangents at A, 
B and to AB. Now, by symmetry, AQ=^ PX and BB « PY. 
Hence AQ.BB=^PX.PY ^ PZ^ (by p. 27). Hence PZ must 
be greatest, i.e.P must be the extremity of the diameter ± 
AB which is furthest from AB. 

Ex. 41. Since AX, B^Gi^ C^B^ concur, 

sinBAX . sin B^B^ Q . sin Pi O^B^, 
-= Bin XAC. Bin C1B1C2. Bin BiC^Ci. 
Hence Bin BAX/Bin XAC 

= (sin C1P1C2. sinPa^aCiVCsinPa-Si ^ • sinBiC^B^, 
and so on. Hence 

(sin BAX/Bin XAC). (sin CBF/sin FPudL). (sin J.CZ/sin ZCB) 
sin CiBi Cg ■ sip B^C^Ci » s^^ ^i fiJ-g . sin C2A2A1 
sin B2B1 Ci . sin Bi C^B^ . sin C^CiA^ . sin CiA^C^ 

. sin Bi A1B2 . sin A^B^Bi 
. sin A^AiBi . mxiAiB^A^ * 
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And this is unity; for CyBiC^^ Ct^A^C^^ and so on. 
Hence AX^ BY^ CZ concur. 

Bx. 42. AiBi bisects both AA' and AA', hence A'A"" \\ 
A^Bi; so B'B^ \\ A^B^. Draw A'M, AN \\ A^Bj^ and B'MN 
1 AiBi ; and let AN, BB^ cut at R. Then B'B'' » TO? 
= 2V'^-i?4«ilL4*'-B4-^'J.^ if RA^MA^'^A'A'' 
= JlLl'. Now B, B^ and .\ B, B' are equidistant from 
^iJBi; and simikrly B, M; hence BB ^ B'M. Also 
J?il = J^'J.' and B = Jf = 90°. Hence AB « J.'Jlf. Hence 
we can get AB to udL^^ by the reflexion and translation 
stated ; and AB will carry the figure wiUi it. 

Ex. 43. Take uiC in any position. Then LACB gives 
GB in direction and Z CAD gives AD in direction. Hence 
we have to place a | BC of given length and direction 
between the given |b CB, DA, meeting at 0, say. Take any 
I JB'jy in the right direction. Then OBiOB'iiBD: VD' 
gives £ and .*. 2>. 

Ex. 44. Beflexion gives congruent figures of different 
kinds. Hence an even number of reflexions gives congruent 
figures of the same kind. The common pt. of these figures 
is their c. of i. rotation. This gives P. 

Ex. 45. Let the ^ meet at 0. Take A'X' = A'Y' at an 
angle equal to the given value of XAY. On A'X\ A^Y\ 
and on the proper sides, describe arcs meeting at (/ and 
containing the given angles AOX and AOY. Then draw 
the figure OXAY similar to O'X'A'T. To do this, take 
OX.OA:: O'X' : ffA' and 0Y\ OA :: O'Y' : 0'A\ 

Ex. 48. Suppose LBCD > ^ABD. To bisect ABOD by 
a I through B, draw AE to CD 1| BD and bisect CE si F; 
then BF bisects ABCD. For ABFC =- ^BCE ^ iBCD 
+ iBDE^iBCD + ^BDA=^^.SLre&ABCD. 

Ex. 47. Suppose AX.AY=^a^ and BX . BY ^ V^. 
Describe O" with centres A, B and radii a, h\ and take 
their limiting pts. L, M, Then L, M are inverse w. r. to 
the first G, .'. AL.AM^a^) so BL.BM^l^. Hence 
X, Y are L, M. 
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Ex. 48. To inscribe the rhombus IfB'BfA^ so that the 
pts. jy, B' shall be on AB^ Df being given. With centre 
A and radius AB^ draw a O cutting Clf at D. Complete 
the rhombus BABE ; and with G as centre describe a figure 
homothetic to BABE, taking 2/ to correspond to 2>. This 
is the required rhombus. For B becomes 2/ and A% V lie 
on CA, CB. Also B^E' || BE, hence JB' is on AB, 

Ex. 49. Assume AB. Then ^, 0^, A\ L lie on the 1 to 
ji2> at J9, AL being the bisector. Hence the lengths of 
A A' and AL give A^ and X. Again AO and J.D are equally 
inclined to AL. Hence is known as the int^ of AO and 
the 1 to BA' at A'. Then OB ^ 00 ^ OA gives 5 and C. 

Ex 60. If the O' sections are not ||, let them meet in 
the (real or imaginary) pts. A, B. Through the fixed 
generator OCB of the cone (with vertex 0) draw a plane 
section of the figure, cutting AB in X and the O" in 
C, Q and B, P. Then CX.XQ ^^^ AX.XB ^ BX.XP. 
Hence CBQP is cyclic. Hence OP.OQ^ OG.OB = const, 
and Oj P, Q are coUinear ; hence the locus of Q is the 
inverse of the locus of P, i. e. one section is the inverse of 
the other. 

Ex. 61. Since the faces are congruent, the circumO> of 
the faces are equal. Hence (see p. 172) if A\B\ C\ D' are 
the circumcentres of the fieices, OA', 0B\ OG, OB^ are L the 
faces and equal. Hence the inscribed sphere touches the 
faces at A% B\ C\ B^. 

Ex. 62. The tangent plane at V cuts the sphere in a pt. 
O ; and hence the other O' sections are || to it 

Ex. 63. Let the successive pts. of reflexion be L, M, N, B. 
Then if lALE = 6, BLM = 6, .\ BML = 90°-d = CMN, 
.\ CNM =- -=^ BNB, .-. Di^^'= 90°- d = 4BJS7. Hence 
B,E, L Bxe collinear and LMNB is a H™ and the A« LBM, 
JYCaf are similar. Hence LBiBMiiNGiCM :: LB + NC 
iBM+GM::LB + AL:BC::AB:BG; for the A^ NGM 
and ALB are congruent since NM ^ LB. Now since LB 
:BM:iAB:BG, LM ib \\ AG. So BN \\ AC; and MN, 
LB II BB. 
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Ex. 64. Bisect AB at P. Then since P bisects AB and 
A' bisects jBC, ^'P || AC. Hence, relatively to J.il', the 
locus of P is an arc of a O containing an angle 180°-- A. 
Also A ABG ^^AB.ACsm A^ 2AP.PA' sin P ^ 
4 A^P^'. Draw PJIf ± AA\ Then A^PA' is greatest 
when PM is greatest, i. e. when P bisects the arc AA\ i. e. 
when AP = P4', i. e. when AB ^ AC. Hence A ABC is 
greatest when AB » J.C 

Bx. 66. Take CP'^ consecutive to CPQ. Then GPQ is 
a critical position if 

area PBQ + area PCD = area P'P^ + area P'CD, 

or PCD'P'CD^^P'BQ^-PBQ, 

or area GPP' = area PP'Q^Q, 

or area CQ^ = 2 area CPP', 

or ultlf C^ = 2 CP2, .-. C« = GPya. 
Draw PZ, C^ ± CD. Then PX : Cr: : CP : CQ :: 1 : ^2 
gives PX, and .*. P, by drawing a | at distance PX from 
C2> to cut DB at P. Also this critical position is unique, 
and .'. makes (area PPQ + area PCD) least, if the critical 
value is less than the extreme values. Now Q ranges from 
B to A; hence in both extreme positions (area PBQ + area 
PCD) is equal to half the area of the ||i°, say A. Also 
{PBQ + PCD) « CQB-CPB+ A-CPB = A + 0QB'^2CPB 
<A ii2CPB>CQB, ie. if 2CP>CQ, i.e. if 2CP 
> CP ^2 ; which is true. 

Ex. 66. Since (p. 137) the shape of QOB is const and 
QX : XB is const., the shape of OXQ is const. Hence 
(p. 155) since Q moves on a | and is fixed, X moves on a | . 

Ex. 67. By p. 150, if LPM is the tangent at P, Z LPA 
= MPS. Hence if is the centre of the O, Z OPA = OPB. 
But since OA . OA' « OP^, the A^ OAP, OPA' are similar, 

.-. lOPA « OA'P; so OP^ = OB'P. 
Hence PjI'j?' = PB'il', .-. PA' = Pi9'. Greatest because 
an ellipse with foci A, B and touching the O at P will be 
outside the O. 

Ex. 68. By p. 22, the reflexion of O BHC in BC is the O 
ABC. Hence Oi is the reflexion in BC Hence OOi 1 BC 
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and is bisected by A\ Again Og^s -'- -^-^ ^^^ •*• -^ ^^i > 
and so on. Hence is the o. c. of O1O2O3. But J.' bisects 
OOi. Hence J.' is on the N. P. C. of O1O2O3; so ^,C'. 
Hence the N. P. C.b coincide. 

Bx. 68. By p. 17, if AI cuts O ^^C at X, XB = iZ 
« ZO. Hence L is the centre of the O BIG. But L is 
equidistant from iiB, AC. Hence, by symmetry, AP 
^ AC and AQ =^ AB. Hence since BC touches the inO, 
FQ also touches it 

Ex. 60. Let P, Q move on the |« 2, m. Since angle FOQ 
is given, we want OF. OQ least Botate OQ and m about 
until Q comes on PO at 22, and let n be the new position 
of m. Then P and 22 are coUinear with and move on the 
!• I, n. Now PO . 02? is critical if FO.OB^F'O. OB", 
i. e. when FF^BBf is cyclic, i. e. ult^y when P, B are the pts. 
of contact of a O touching {, n. Hence 2^22 is || to the 
external bisector of the angle between {, n. Also this gives 
a unique critical value separated by infinite values when 
FOB is II to 2 or n. Hence it gives a minimum. 

Bx. eL A'B'C, BEF are triangles inscribed in the N. P. C. 
Hence we have to prove that the pedals N'V, NL of any 
pt P on the O are ||. Now referring to p. 26, Ex. 2, 
irrC - W-FB'A' and NLF = W-FED, 

.-. NLF-irVC ^FB'A'-FED. 

But if NL II N'r, then NLF-N'L'C' is equal to the 
angle between EF, B'C ; also FB'A'-FED is equal to 
the simi of the angles between ED and B'A^ and between 
PE and PP^, each of which is const Hence the condition 
that the pedals shall be || is independent of the position 
of P. Take then P at A\ Then Jit, N' are at A' ; hence 
i'jarjr is the altitude A'lT, i. e. is 1 B'C, i. e. 1 BC. 
Now A'B bisects the angle EBF externally, i. e. bisects the 
angle MDN internally ; hence MN is also L BC; L e. the 
pedal I" are ||. 

Bx. 62. AA'IA'B ^ (\FA . FA' sin AFA') 
/(i FA' . FB sin A'FB) = {FAIFB) . (sin ^2^^7sin A'FB). 
CC'/C'D = C'C/DC' = (FC/FD) . (sin ^'2^P/8in AFA^ 
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Henee {AA' . CCy(A'B . CD) = {FA . FC)/{FB . FD). 
So (BBf.DDY/(ffC.iyA) = {EB.ED)/{EC.EA). 
Hence we have to prove that 

FA.FG.EB.ED^FB.FB.ECEA. 
But FA/FB « sin B/sin A^ and so on. Hence the result. 

Ex. 68. KLiBO^KL'.aH = ODiOA. 
Hence the product -♦- AF. BB . CE 
BC.OD CA.OE AB.OF 



BD.OA CE.OB AF.OC 

(BOC).(OBD) {OCA).{OCE) iOAB).{OAF) 

(BOD) . (OBA) * (OCE) . (OBC) ' (OAF) . {OAC) " 



1. 



Ex. 64. / is the o. c of I\l^I^. Hence BG is anti- 
parallel to IJL^ w. r. to J1Z2, Ji J3. Hence I^A'y I^B^^ I^C^ 
meet at the S3rmmedian pt of /i/2^8- 

Ex. 66. Call the sides and their reflexions a, h, c and 
a^, &', (f. Then AD, BE, CF \\ a', V, d". Hence 
siuilCF.sini^^D.sin CBE ^^nFCB. Bin DAC .sin EB A. 
For c'y a are the reflexions of Cy a! and hence 



Z FOB '^^a^ca' =^BAD] 



and so on. 



Ex. 66. Project OA to infinity. Then in the new figure 
A is at infinity, .*. CB = BD. Also is at infinity, .*. 
CC II BB" ; and ^^ is at infinity, .-. BC \\ BTV. Now, as 
in the proof in p. 56, § 3, the value of {AB" . GB)/(AC. BBT) 
is unaltered by proj°. And in the new figure 
{ABr.CB)/(AC.BB^ 
= CB/BB" = (OB/C'B') . (CV/BB'^ 
« (BD/B'D) . (B'D/BTD) = BD/BTD = G'DIVD 
= GD/BD = 2 ; for as on p. 39, AS'/AG = 1. 

Ex. 67. J. is a c of s. of the two O^ Hence the O" are 
homothetic w. r. to A, Consider the pt. Y homothetic to 
the given pt. T, calling the given pt. Y^ instead of Y for 
clearness. Then the tangents at F, r'are ||. Hence the 
tangents at X, Y to the incircle are ||, i. e. XY is a 
diameter of the incircle and hence is L XY\ But Y is 
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OB AY' ; hence XT U^ known* Hence we can construct 
the inoircK Then AP, AC are the tangents from A. 

Ex. 68. Take AO in any position. With centre A draw 
the ©8 g, h with radii AG, AH. With c. of s. and ratio 
3 : 1 descrihe the O h' homothetic with g ; then since 
OH=^B OG, H is on h\ Hence fl^ is an ini^ of h, V and is 
.-. known. Then OA' \\ AH and ^^AH gives A\ Then 
BC 1 OA' gives the direction of BC Then OB ^ OC ^ OA 
gives B, C. 

Ex. 69. Consider the centroid of masses m, 2 m, m at 
A, By C, Then m, m at il, can be replaced by 2m at T; 
hence the centroid lies on BY. Also m, 2 m at ^, ^ can be 
replaced by 3 m at Z ; hence the centroid lies on CZ. Hence 
the centroid is P. Again consider the centroid of masses 
n, 2n, 2n at A, B, G. Then 2n, 2n at B.Ccaahe replaced 
by in at X, and n, 2n at A, B can be replaced by 3n at Z. 
Hence the centroid lies on AX and CZ and is .*. at Q. 
Hencje Sm.ZP-=m.PC and Sn.ZQ^2n.QGf ,V CP 
= |CZ andC§-fCZ, .•• C«/(?P = f/(|-f)-4. Also 
if udLP cuts J?C at r, 2 w . ^T = t» . OT. Lastly consider the 
centroid of 4m, m, 2m at P, C, £. It is on BQ since 
4w.PQ = w.0C, and on PT since 2m.BT-=m.0T. 
Hence it is 2?. Hence 4|». P/S = 2m. JBiS, .\ PS ^ ^ BP. 
But 2m.JBP=2m.Pr, .-. P8--^BY. 

Ex. 70. Since AZHY is a rectangle, the centre X of J.J5r 
is on YZ. Hence it is enough to prove that the O with 
centre X and radius XA cuts A'X in pts. Y, Z which lie 
on the bisectors of A, Now OA \\ A'X (p. 24), .. LOAY 
= JirZ = flliir. Hence AY bisects O^J? and .-. BAG 
(p. 47); also HY 1 ^F. Now AZ ± AY and IfZ ± AZ. 
Hence HY, HZ are ± to the bisectors of A. 

Ex. 71. Let AA', BB\ GG' meet at and BG, VQ' meet 
at L and GA, G'A' at Jtf and AB, A'BT at JV^; then i, If, JV' 
are coUinear. Consider the A* GG'Y, BB'Z. Since (CC ; 
5^), (CT; B'Z), (rC; Z-B) (viz. 0, A, A') are collinear, 
the A^ are coaxal and .*. copolar, i. e. GB, G'B', YZ concur. 
But GB, G'B' meet at L. Hence BG, YZ meet at L, So 
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CA, ZX meet at M and AB, XY at N. But L, M, N axe 
collinear. Hence the triangles ABC, XYZ nie coaxal and 
/. copolar. 

Ex. 72. Project X'YZ to infinity. Then in the new 
figure QZ', Y% BXG are || and also QB, Z^X, AC and also 
AB, r% BC. Let QY' cut 5C at 8. Since ^Z' || Y% 
.% Z'B passes through 8 if QZ'/TB « QS/F'S, L e. if 
BX/XC^QB/TC, i.e. if 5X/ZC= Z'Z/r'C; and this 
is true by the similar A> ^Z% XY'C. 

Bx. 78. The A« ABC, PQB are copolar and .'. coaxal. 
Hence P', ^, E" are collinear. Hence PP', QQ^, BBf are 
the diagonals of the quadrilateral QBQfRQ. Now see p. 90. 

Bx. 74. BX/XC = ZX/rC (by A> BXZ, XCY) « ^ Y/rC. 
Also from the pt. and the A AZY, 
(ZU/VY).(YC/AG).(AB/ZB) = 1, 

. •. ZU/UY = (AC. ZB)/(YC . ^^). 
Hence we have to prove that A Y/YC = [AC. ZB)/{YC. AB) 
or AY.AB-^AC.ZB or AB/AC^ZB/ZX; which is 
true from the A« BAC, BZX. 

Ex. 76. Invert w. r. to A. Then A, B^, C, 2/ are con- 
oyolic The O through A, B 1 O ACB becomes the | 
through B^ J. | (7'2X ; and so on. But these X* meet at H\ 
the o. c. of B'Ciy. Hence in the given figure the three 0» 
meet in a pt. H. Again let the centres and diameters of 
the G» ACD, ABB, ABC be P, Q, 22, AL, AM, AN. Then 
C'ly is the 1 through X' to AP, and so on. Hence i', Jif, N^ 
lie on the pedal | of il w. r. to B'C'I)'. Hence L, M, N lie 
on a O through A, Also APiAQiAB.iALiAMiAN. 
Hence P, Q, B also lie on a O through A. Bisect AH' at 
X', then VltN' passes through Z'. Hence the O LMN 
passes through X on AIT. Also AX . udLZ' = uilT. AH' and 
ilZ'^i^H', .-. ^jy = 4^X. But X lies on the O 
LMN\ hence J7 lies on the O PQB. 

Ex. 76. Let the pairs of |» through A and ^ and C be 
a, a' and 2^ V and c, <f. As one case, let a, &' cut at Z and 
a% h at Z' and c, a at Q and c^ of hi Qf and &, c' at X and 
&', c at X'. Then we have to prove that XX', QQ', ZZ' 
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eoncur, Le. that the A> X^Z\ X'QZ are copolar, i.e. that 
they are coaxal, i.e. that (XQf ; X'Q), (Q^Z' ; QZ), (ZTX; 
ZX') are collinear, i. e. that (7, J., J? are collinear ; and this 
is true. Hence XX% QQ^, ZZ' concur. Again if a, ft cut 
at 22 and a\ V at B! and c, o^ at 7 and c', a at Y' and 
ft, c at P and 6', c' at P', we can, as above, prove that the 
six lines 1^1?', qq[, BR, XX\ YY\ ZZ' meet three by 
three in four pts. and .*. form the six sides of a complete 
quadrangle. 

Ex. 77. Let BE be the locus of A, E being on BC. 
Take F, the reflexion of C in DE. Then 
I FAB = FAE+EAB = CAE+EAB 

which is known. And A lies on the arc on BF containing 
this angle and also on DE and is .*. known. 

Ex. 78. Let the tangent at P cut AB at X and the 
tangent at A at the pt. F. Let QM be the ± from Q on 
AB. Take the centre of the O. Draw PN 1 AB and 
PZ 1 ^r. Then by the A» J-C^lf, OPN we have CJ^C^PaT 
= AQ/OP. Hence QJIf x PJV'. A^. Now IQPA = 90*" 
-APO = 90°-PAO = ^P^ and AP ^ AP and C = J^ 
= 90°. Hence the As QP^, NPA are congruent, .-. A^ 
= AN = PX. Hence we want PN. PL greatest ; i. e. area 
PLAN greatest. Now take a consecutive position P^L'AN^. 
Then area PLAN = area P'VAN'. Hence area PNN'Z. 
= area PL'LZ if PL and P'N' cut at Z; i.e. PJV^. PZ 
= P'L\P'Z, or PN/P'L' ^P'ZiPZ, or ultfv Pif/PZ 
= PN/NX, r. PL^ NX, ,\ PY = PX Greatest because 
a unique critical value between two zero values ; viz. when 
P is at ^ or B. 
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